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Abstract

Regular equivalence aims to identify nodes that have links to nodes that are
themselves equivalent, and is considered to capture key relational properties in
networks. Exact equivalences are notoriously difficult to emerge in real-world
networks because of the rather stringent criteria required. This has motivated the
development of approximate approaches, which, however, do not scale well to large
networks. In this paper, we present a new method to compute approximate regular
equivalences for weighted networks based on a partition refinement algorithm.

This is parameterized by a tolerance e that determines the extent to which two
nodes may be deemed equivalent. We also show an asymptotic result for networks
with power-law distribution that analytically provides a partition of approximately
equivalent nodes. Using a number of benchmark networks, we show that our
method outperforms the state of the art in terms of precision and running time.
When the asymptotic partition is used to initialize the partition refinement algorithm
for real-world networks, it avoids the problem of aggressive clustering that affects
binary networks.

Keywords Networks, Approximate regular equivalence, Partition refinement

Introduction
Rooted in social sciences, the notions of node equivalences are useful tools to uncover
and understand roles and relations in networks across a variety of domains, including
biology (Luczkovich et al. 2003), economics (Smith and White 1992), social media (Kane
et al. 2014), collaboration (Ahuja 2000), and management (Orsenigo et al. 1997). A role
summarizes the structural position of a node in a network based on its connection pat-
terns with other nodes. For example, in an organizational network, managers may be
assigned the same role due to their common function of supervising employees.
Identifying roles allows practitioners to reinterpret a network in terms of role interac-
tions, rather than individual node identities, making complex graphs easier to analyze
and more interpretable. This is extremely useful in the modern era, where the abundance
of data gives rise to large and intricate networks that are challenging to analyze (Bedru
et al. 2020). Node equivalences are also particularly valuable in role-based machine
learning tasks, such as node and link classification (Jin et al. 2019b; Ahmed et al. 2017),
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user stitching (Jin et al. 2019a), anomaly detection (Akoglu et al. 2015), and many others
(Rossi et al. 2020). For instance, the notion of role can be exploited in anomaly detec-
tion to identify patterns of interaction associated with anomalous behaviors (Rossi et al.
2013).

Over the years, social sciences developed different notions of node equivalence that
are able to capture different aspects of the role of a node in a network. Structural equiv-
alence identifies nodes that are connected to the same neighbors (Lorrain and White
1971). In automorphic equivalence (Borgatti and Everett 1992), nodes are related
through graph-theoretic properties such as in-/out-degree and centralities. This is
relaxed by regular equivalence, which aims to identify nodes that play the same role
in the network even if they do not share neighbors by requiring that any two regularly
equivalent nodes are both connected to nodes that are themselves regularly equivalent
(White and Reitz 1983). In this paper, we focus on regular equivalence because it rep-
resents an advance in capturing key features of the relational role concept (Borgatti and
Everett 1993).

Node equivalences can be defined for both binary (unweighted) and weighted net-
works. In either case, it is recognized that exact notions may be too strict to discover
useful relations in practice, for example under the presence of noisy data (e.g., Reichardt
and White (2007)). This has motivated the development of approximate relations that
relax the assumptions on when two nodes can be deemed equivalent. These methods
can be categorized into indirect and direct, the former being developed earlier. The indi-
rect approach computes a similarity matrix among the nodes, which is then partitioned
using hierarchical clustering (White and Reitz 1983; Borgatti and Everett 1993). Direct
approaches do not require a similarity matrix. Deterministic blockmodeling sorts the
adjacency matrix in blocks (Doreian et al. 2005), each identifying a cluster of nodes in
the network, and specifies the links from one cluster to another through an optimization
problem. Stochastic blockmodeling is a generative model based on statistical properties
of random graphs (Funke and Becker 2019; Peixoto 2019).

Overall, the current state of the art makes both indirect and direct approaches difficult
to use in large networks. We present a novel algorithm for the computation of approxi-
mate regular equivalences in weighted networks that can scale to larger networks. Our
algorithm can be considered as a direct method in that it does not compute a similarity
matrix. Differently from blockmodeling, however, it does not require the user to choose
the number of clusters. Instead, it is parameterized by a tolerance ¢ that, roughly speak-
ing, determines the degree with which nodes can be deemed approximately regularly
equivalent.

More in detail, our approach builds on a well-understood interpretation of regular
equivalence as a bisimulation, a fundamental concept in (theoretical) computer science
(Marx and Masuch 2003). Here, in particular, we relate approximate regular equiva-
lence to a notion called e-backward differential equivalence (¢-BDE) (Cardelli et al. 2018,
2023), originally developed for systems of ordinary differential equations with poly-
nomial right-hand sides. Our intuition is to associate the adjacency matrix of network
A with a linear system of differential equations # = Ax and establish a formal corre-
spondence between regular equivalence in the former and backward equivalence on the
latter.
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Notably, this connection ultimately allows us to compute approximate regular equiv-
alences by partition refinement, a widely adopted algorithm that iteratively splits the
blocks of a candidate initial partition until the criteria for the desired equivalence are
met (Paige and Tarjan 1987; Baier et al. 2000). The algorithm for backward equivalence,
however, cannot be directly reused for two reasons. The first is of mathematical nature
and concerns the fact that regular equivalence is related to backward equivalence on
both the network A and its transpose AT. The second reason is that the algorithm con-
structs equivalence classes through a transitive closure of nodes that are pairwise £-simi-
lar, which may lead to aggressive aggregation in the output (cf. Example 1). A similar
phenomenon occurs in indirect methods: especially with binary networks, they could
fail the analysis by identifying all nodes as approximately regularly equivalent (Borgatti
and Everett 1989).

To cope with both issues, we propose an iterative approach where the e-BDE algorithm
executes as an inner step for both A and A?, while the iterations consider increasingly
larger values of € to avoid aggregating too much. In addition to ¢, another important
user-tuneable input of the algorithm is the candidate initial partition to be split, as with
any partition refinement method. In general, the largest equivalence (i.e., the coarsest
partition) is computed by initializing the algorithm with a singleton partition where all
nodes are in the same block. In many applications, however, the freedom in choosing an
arbitrary initial partition may be used to encode certain requirements or a-priori knowl-
edge, e.g., to isolate a node or to prepartition nodes according to given roles.

In this paper, we exploit this feature to provide a candidate initial partition for the rel-
evant class of Barabasi-Albert (BA) networks (Barabdsi and Bonabeau 2003), which are
well-known to fit real-world datasets appropriately. Intuitively, such networks are par-
ticularly challenging for our algorithm because their power-law distributed degrees may
lead to relatively low values of ¢ to collapse many low-degree nodes, with the risk of los-
ing much information in the resulting equivalence. The initial BA partition accounts for
it because we prove that, on average, it already is an e-BDE partition for sufficiently large
BA networks.

Using a prototypical implementation, we conduct an experimental evaluation of our
algorithm on binary and weighted networks from the literature to show the following:

1. Our algorithm provides consistently more accurate partitions than both direct and
indirect methods using the same level of granularity (number of clusters), as indicated
by statistics on the centralities of approximately regular equivalent nodes.

2. Our algorithm can practically scale to larger networks than direct and indirect
methods.

3. Applied to concrete instances of binary networks with skewed distribution, our
asymptotic BA partition can avoid excessive clustering and can also be used as an
appropriate pre-partition for indirect methods that are known to identify all nodes in
the same block (Borgatti and Everett 1989).

The rest of the paper is structured as follows. Section 2 reviews the related work. Instead,
Sect. 3 first reviews the notion of regular equivalence, bisimulation, BDE and e-BDE.
Then, after showing that BDE implies regular equivalence, it introduces iterative e-BDE
and establishes its worst-case complexity. The section then concludes by introducing
the BA partition and by showing the corresponding asymptotic result. The framework
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is then evaluated against state-of-the-art approaches on real-world networks in Sect. 4.
Finally, Sect. 5 concludes the paper.

Related work

REGE is the first indirect method for regular equivalence based on an iterative point-
scoring procedure that builds a similarity matrix for both binary and weighted networks
(White and Reitz 1983). Its time complexity is O(n°), where # is the number of nodes.
CATREGE is an improved version for binary and categorical networks with time com-
plexity O(n3) (Borgatti and Everett 1993), which, moreover, allows specifying an initial
partition of the nodes to constrain the solution and improve the results. Despite this,
the current implementation of CATREGE limits its use to networks with at most a few
hundred nodes (Borgatti et al. 2002). To build a partition of approximately regularly
equivalent nodes with an indirect approach, typical hierarchical clustering techniques
are based on single-link, complete-link and Ward’s method (Ziberna 2008).

While stochastic blockmodeling is based on a generative model, deterministic block-
modeling is more similar to indirect approaches in that it performs clustering. Usually,
the number of clusters is a parameter set beforehand, and an optimization problem is set
up to minimize a certain objective function of discrepancy with respect to ideal blocks
by allowing permuting rows and the columns of the adjacency matrix (Doreian et al.
2005). In binary networks, the binary blockmodeling defines the discrepancy in terms
of ideal blocks specified as 0—1 patterns (Doreian et al. 2005). For weighted networks,
dichotomization is used; given a threshold it sets all values in the matrix under (resp.,
over) the threshold with O (resp., 1), so that blockmodeling for binary networks can be
used. Since dichotomization may lead to loss of information, in Ziberna (2007) a new
approach, valued blockmodeling, is proposed trying to define ideal blocks in terms of
weighted networks (f-regular equivalence). This is shown to be more robust than dichot-
omization, but it requires the choice of a parameter that depends on the strength of the
links. Often, the estimation is based on previous knowledge of the network (Ziberna
2007); some general estimations are possible, like the median or the mode of the
weights, but no guarantees can be provided (Matjasic et al. 2020). A different approach is
the homogeneity blockmodeling proposed in Ziberna (2007). Its aim is to create blocks
where a measure of the variability of the links is minimal.

Since exact methods that guarantee globally optimal solutions are computationally
expensive (Brucker 1978), heuristic methods of local search are generally employed
(Doreian et al. 2005). However, they lack optimality guarantees (Doreian et al. 2005).
As shown also by our numerical experiments, such optimization-based approach cannot
scale, in practice, to networks larger than a few hundred nodes.

To overcome the limitations of rigid equivalence notions, several studies have intro-
duced relaxed versions of classical role equivalence (Everett 1985; Sailer 1978; Everett
et al. 1990) or proposed more flexible approaches to blockmodeling (Brandes and Lerner
2010). While conceptually aligned with our work, these approaches are primarily theo-
retical and, to the best of our knowledge, lack publicly available implementations.

The role identification problem was also explored within the machine learning com-
munity (Rossi et al. 2020). In this context, role-based embedding methods, such as
Ribeiro et al. (2017), Donnat et al. (2018), Tu et al. (2018) and Nikolentzos and Vazir-
giannis (2019), extract salient structural features from graphs with the aim of encoding
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nodes in a lower dimensional space, where nodes with similar roles are positioned close
in the embedding space. These methods are conceptually and methodologically different
from our approach. Rather than identifying specific equivalences within a graph, they
produce a representation of the nodes into a metric space. Since the focus of this work is
the explicit computation and analysis of graph partition, we do not include these meth-
ods in our evaluation. A fair comparison with respect to role-based embedding tech-
niques can be found in Squillace et al. (2024), where we show how partitions computed
with backward equivalence can be leveraged to build network embeddings.

In Marx and Masuch (2003), regular equivalence is related to the classic notion of
bisimulation for transition systems (Milner 1982). In this paper, instead, we related
approximate regular equivalence to e-backward differential equivalence (¢-BDE). BDE,
its exact counterpart, conservatively generalizes exact lumpability, defined for Markov
chains (Buchholz 1994), to systems of ordinary differential equations (ODEs) with poly-
nomial right-hand sides, relating its variables. Exact lumpability, in turn, can be seen as
an instance of bisimulation for transition systems labeled with probability distributions
on the arcs (and, indeed, is also termed backward bisimulation in the literature). e-BDE
relaxes the requirements of BDE by allowing ODE variables to be related under some
given tolerance . Such tolerance parameter is an input to a partition refinement algo-
rithm that is shown here to run in O(n*), where 7 is the number of nodes. Despite this
worst-case complexity is higher than that of CATREGE, we show in the experimental
section that, in practice, our algorithm is able to scale consistently better than the other
methods.

In this direction, we mention the work (Petrov and Tognazzi 2021), where the authors
employed the exact and approximate BDE to reduce multilayer networks. More in detail,
they propose an ODE system to encode the iterative scheme to compute the eigen-
value centrality on binary undirected multilayer networks. Consequently, they com-
pute the equivalences to find exact and approximate role assignments. The novelty of
our approach is the definition of the iterative scheme that avoids aggressive aggregation
on single-level networks. This scheme can be applied straightforwardly to the proposed
ODE system, extending our approach for multilayer networks.

Methods

Background

We define a network with # nodes by its adjacency matrix A = (a; ;) € R™*" where each
component a;; denotes the weight of the link from node i to node j; as usual, we call
a network binary if a; ; € {0,1} and undirected if A is symmetric. Nodes are labelled
1, 2,..., n. Intuitively, regular equivalence relates nodes equivalent whenever these have
identical links to and from regularly equivalent nodes (White and Reitz 1983). For the
purposes of this paper, it is convenient to express it via the classic notion of bisimulation
(Marx and Masuch 2003), as recalled next.

Definition 1 For an adjacency matrix A € {0,1}"*", we write i — j whenever a; ; = 1.

+ A equivalence relation R is a bisimulation of A if for any (7,j) € R and link i — ¢/,
there exists a link j — 5’ such that (¢, j') € R

+ Arelation R is a regular equivalence of A whenever R is a bisimulation of A and A7

o Weset Hr = {1,...,n}/R for any equivalence relation R.
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To illustrate the correspondence of bisimulation and regular equivalence, let us consider
the network in Fig. 1 composed by 7 nodes arranged in a tree structure. To make the
example more concrete, we assume that edges represent the relationship "parent of”. In
this context, node 1 is parent of nodes 2 and 3, while nodes 2 and 3 are themselves parents
of 4,5 and 6,7, respectively. Let us consider the partition Hr = {{1},{2,3},{4,5,6,7}},
where nodes within each block satisfy the bisimulation condition. If we interpret each
block as a distinct role, the notion of bisimulation aligns with that of regular equivalence.
Indeed, the partition shown in the example of Fig. 1 illustrates that two nodes are regu-
larly equivalent if they are connected to nodes that play the same roles, rather than to
the same individual nodes.

In this example, the three roles {1}, {2,3}, and {4,5,6, 7} admit a clear social inter-
pretation based on the edge semantics. Specifically, nodes 4,5,6, and 7 can be considered
as individuals without children, 2 and 3 are parents because they have at least one child,
and finally, 1 is a grandparent because its children are themselves parents.

The definition naturally extends to weighted networks by, essentially, treating every
distinct weight as a categorical label and requiring regular equivalences on all such labels
(e.g., Ziberna (2008)).

Definition 2 Let A € R"*™ be a weighted adjacency matrix with L distinct weights such
that A = Zle w; Al, where w' € Rand A' € {0, 1}"*". Then, R is a regular equivalence
of A if R is a regular equivalence of A!, ..., AL,

Regular equivalence allows the same link of a node to match more than one link of a
regularly equivalent one. Although regular equivalences can be used to identify roles
in a network, they assume that nodes with the same role must follow a precise pattern
of interactions. As we will show in the experimental section, this constraint becomes
particularly limiting in the case of real networks that are usually affected by noise and
uncertainty in the data. This motivates the need of an approximate version of regular
equivalence that relaxes the strict definition in order to group nodes that exhibit similar,
rather than identical, interaction patterns.

BDE

Our approach recalls the notion of bisimulation for dynamical systems that, informally,
relates nodes that have the same cumulative degree with respect to blocks of nodes in
the same equivalence class. Here, given a matrix A € R™"*" one considers an associated
linear system of ordinary differential equations (ODEs) in the form & = Az, where &
denotes the time derivative of the solution x. Backward differential equivalence (BDE)
is defined for polynomial differential equations (Cardelli et al. 2017a), thus including

66 00

Fig. 1 Example of a network. Edges represent the relationshiop "parent of". Bisimulation, regular equivalence and
BDE identifies the same partition {{1}, {2, 3}, {4, 5, 6, 7, 8} } with 3 different roles



Squillace et al. Applied Network Science (2025) 10:39 Page 7 of 26

the case above. Although it concerns ODE solutions, and thus it does not apply directly
to the problem of finding regular equivalences, it allows us to establish a connection
between BDE and regular equivalence.

Definition 3 For an adjacency matrix A € R"*", an equivalence relation R is called
backward equivalence (BDE) when

D 12 ani= 3 anyl=0

H'eHr keH’ keH’

forall H H' € Hr andi,j € H.

Let us observe that BDE matches cumulative in-degrees towards equivalence classes
(hence the term backward). A BDE relation for the transpose adjacency matrix A” cor-
responds to a forward equivalence that matches out-degrees (Baier et al. 2000; Valmari
and Franceschinis 2010; Bacci et al. 2021; Buchholz 1994). We start with a simple yet
crucial statement that relates regular equivalence with BDE.!

Theorem 1 Given A = Zlel w! A with A! € {0,1}"*", assume that R is a BDE of A
and (A7, forall 1 <1 < L. Then, R is a regular equivalence of A and each A*,... A",
In the example shown in Fig. 1, the BDE definition, like regular equivalence and bisim-
ulation, is suitable to identify the three roles of parenthood. This can be verified by
examining the distribution of edges with respect to the equivalence classes. Specifi-
cally, nodes 4,5,6, and 7 are characterized by having one incoming edge and no outgoing
edges. Nodes 2 and 3 have two outgoing edges toward nodes in block {4, 5,6, 7} and one
incoming edge from node 1. Finally, node 1 is defined by having only outgoing edges,
which are directed toward nodes in block {2, 3}.

Unfortunately, Theorem 1 provides only a sufficient condition for regular equivalence,
and its assumption cannot be relaxed to R being the BDE of A and A” only. Indeed,
partition {{1, 2,3}, {4,5,6}} of the network depicted in Fig. 2 can be shown to be a BDE
of A and AT, where A = A! + ...+ A%, At the same time, however, it is not a regular
equivalence of A because it is not a regular equivalence of Al. Indeed, nodes 1 and 3
have black links, while node 2 has no black links. It can also be noted that, in contrast to
regular equivalence, BDE requires the rather strict assumption regarding equal degrees
of related nodes.

e-BDE

To cope with the strict assumption imposed by BDE, we define a notion of approximate
BDE, called ¢-BDE, where the equality between the degrees of related nodes in Defini-
tion 4 is relaxed by inequalities up to a given tolerance ¢. Since approximately related

Fig. 2 Example of a network where BDE of Aand AT does not imply regular equivalence

! Proofs are given in the appendix.
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nodes will not have equal in- and out-degrees in general, e-BDE becomes an alternative
method to compute an approximate regular equivalence.

In the following, we recast the notion of e-BDE, developed for polynomial differential
equations (Cardelli et al. 2018), to the linear case related to an adjacency matrix.

Definition 4 (¢-BDE) For an A € R™*™ and a partition H, we write i ~ 4 3 . 7 whenever
there exists an H € ‘H with ¢,j € H such

Z ‘ Z Ak — Z ak’j\ <e.

H'eH keH’ keH’

A partition H is called e-BDE if H = {1,...,n}/ ~7% 4 .. Here, the asterisk denotes the
equivalence closure of a relation.

The approximate definition enables the identification of regular equivalences that elude
detection by the exact BDE method. To illustrate this capability, consider the exam-
ple network depicted in Fig. 3. Here, we consider all the edges with the same unitary
weight. The target regular equivalence is {{1},{2,3},{4,5,6,7,8}}. In this context, the
exact BDE method fails to recognize this partition because node 2 has two connections
to the group {4, 5,6, 7,8}, while node 3 has three connections. In contrast, the e-BDE
approach successfully identifies the regular equivalence by setting ¢ to 1. This tolerance
not only enables the recovery of exact regular equivalences, but also supports the identi-
fication of approximately regular equivalent nodes, accounting for the noise and uncer-
tainty commonly present in real-world networks.

Iterative e-BDE

As discussed in Sect. 1, an attractive feature of BDE, both in its exact and approximate
variant, is that it can be computed by partition refinement (Cardelli et al. 2017a, 2018),
where a given candidate initial partition of nodes is iteratively refined until the BDE cri-
teria are satisfied. In e-BDE, we obtain equivalence relations by closing under transitivity
pairs of variables satisfying Definition 4. This transitive closure could lead to incon-
venient associations. Indeed, if both pairs of nodes i, j and j, k are e-BDE equivalent,
their pairwise difference is less than £; however, this does not mean that the difference
between i and & is less than . To show this, let us consider the following example.

Example 1 Pick € = 0.3 and consider the adjacency matrix

04 01 05 0.7
A_[01 05 06 07
=105 06 03 08

0.7 0.7 0.8 0.3

ONONORORO

Fig.3 Example of a network where BDE fails while e-BDE find the regularequivalence {{1}, {2, 3}, {4, 5,6, 7,8} }
imposing € equal to 1
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Then, 3 ~ 4 91 4 for H = {{1,2,3,4}} because

0.5+ 0.6 + 0.3 + 0.8 — (0.7 + 0.7 + 0.8 + 0.3)| = 0.3
Instead, 1 %43, 3 for H = {{1,2,3,4}} since

0.4+ 0.1+ 0.5+ 0.7 — (0.5 + 0.6 + 0.3 + 0.8)| = 0.5

At the same time, 1 NZ,H,E 3 because 1~4 9.2 and 2 ~4 9. 3. We infer that
{1,...,4}/ ~% 3 .= H, showcasing that e-BDE can aggregate too much.

To cope with this problem, we propose an iterative scheme where nodes are related by
invoking the e-BDE algorithm with increasingly larger values of ¢, using an appropriate
choice of initial partitions at each iteration. We call this approach iterative e-BDE (le
-BDE).

Let us discuss its pseudocode shown in Algorithm 1. It requires an adjacency matrix A4,
an initial partition #;,, to keep track of the blocks discovered in the previous iterations,
an initial tolerance ¢, a step size J, and a maximum tolerance A. At every iteration,
the e-BDE algorithm is invoked with the current tolerance, starting from &¢. The algo-
rithm refines the current partition with respect to A and A” (lines 6-7) until no refine-
ment is possible. The result is a partition satisfying Definition 4 on A and A” according
to the current €. Afterward, the algorithm joins all trivial blocks of size one present in
H.s (line 9). The intuition is to attempt node aggregation for smaller values of ¢ first. If
that fails, i.e., nodes are eventually outputted as singleton blocks, the merging of such
nodes is used to attempt aggregation for the larger € values in the next iterations. The so-
obtained partition 7. is then used to refine the original input partition #,,,. Specifically,
line 10 computes the coarsest partition that refines both 7., and #;,,, That is, a partition
with a minimal number of blocks such that each of its blocks is a subset of a block in H.
and a block in #,;,,. Thereafter, line 11 and 12 update and increase, respectively, . and
¢. The algorithm then iterates until the user-defined maximum tolerance A is reached.

Require: Adjacency matrix A, initial partition of nodes H;,, an initial tolerance ey,
step size 6 > 0, maximum tolerance A > 0.
1: € <— €
2: HE’ < Hin
3: while ¢ < A do
4 repeat
5 He «— He
6 He «— {1,...,n}/ ~% 4. . via Algorithm 2
7: Her +—{1,...,n}/ ~r 4, . via Algorithm 2
8: until H, = H.
9 H.r +— joinSingletons(H)
10: Hin «— coarsestRefinement(H;,,H')
11: Her «—— Hin
12: e+—e+46
13: end while
14: return H,

Algorithm 1 Iterative -BDE.
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Require: Adjacency matrix A, partition of nodes H, tolerance e
1: He +— H
2: repeat
3: H — He
4: wli, H] +— 0 forall He H',1<i<n
5: for all H € H' do

6: for all i € H do

7: for all j with a; ; # 0 do

8: w[ij} <_w[j7H]+ai,j
9: end for

10: end for

11: end for

12: D;+— 0 for1<i<n
13: for all 1 <i<ndo

14: for all1 <j<ndo

15: if >y cqp lwli, Hl — w(j, H]| < € then
16: insert j in D;

17: end if

18: end for

19: end for

20 H. <— refine ' using D to compute ~3, 4 .

21: until H, = H’
22: return H’

Algorithm 2 Routine for computing {1,...,n}/ ~3, ,

Complexity

The repeat until loop of Algorithm 1 requires at most O(n”) steps. Additionally, the total
number of steps performed by Algorithm 1 is at most O([A/§]n”). We begin by not-
ing that the while loop performs [A/d] iterations. Instead, each repeat until loop has
at most # iterations because any partition may have at most # refinements. It thus suf-
fices to show that Algorithm 2, inspired by the (non-approximative) forward equivalence
algorithm (Valmari and Franceschinis 2010), runs in at most (’)(n4). To see this, we first
note that lines 5-11 of Algorithm 2, computing the number of connections toward nodes
in the block H, can be computed in O(n?). Then, Algorithm 2 computes in lines 13-19
the equivalence relation ~4; 4 ., where D; is the list of nodes that are e-BDE equiva-
lent to node i. This portion of the code can be computed in O(n?). This complexity
arises due to the necessity of verifying the £-BDE condition for every pair (i, j), requiring
O(n?) comparisons. The verification is performed in line 15 of Algorithm 2, involving
the evaluation of differences. The cost of computing these differences is proportional to
the number of blocks that, in the worst case, is O(n). In line 20 Algorithm 2 computes
the blocks of the partition H. induced by the transitive closure ~3, , .. To do this, we
consider the undirected graph induced by D;, where node i is connected to node j if and
only if i and j are e-BDE equivalent. The blocks of the partition H. correspond to the
strongly connected components of the graph and thus can be computed in O(n + m),
where m is the number of edges. In the worst case, this implies that ~3, , . can be com-
puted in O(n?). Finally, the main loop is repeated until no more refinement is possi-
ble. Since the partition is composed of n nodes, the number of possible refinements is
bounded by n. To summarize, the overall computational complexity of Algorithm 2 is
characterized by at most # iterations, thus giving rise to O(nn?) = O(n?).
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Remark 1 In all experiments from Sect. 4, repeat-until loop of Algorithm 1 executed at

most twice.

Example 2 We next present Algorithm 1 on Example 1 witheg =0, A =0.3,§ = 0.1 and
Hin = {{1,2,3,4} }. Fore = 0, the repeat loop returns H.. = {{1}, {2}, {3}, {4} }, mak-
ing joinSingletons return H,, in line 9. The second iteration of the while loop
with € = 0.1 is therefore computed for the original #;,,. A similar statement can be made
about € = 0.1, meaning that the algorithm initiates its third while loop iteration with
¢ = 0.2 and the original H;,,. This time, nodes 1 and 2 are aggregated during the repeat
loop, giving rise to Ho = {{1,2},{3}, {4} }. At this point, it is worth noting that block
{1, 2} will not be split in any future iteration of the algorithm because the aggregation
of nodes is monotonic in e. The algorithm then executes joinSingletons in line 9
which yields H.. = {{1,2},{3,4}}. Since H.' is a refinement of H;,, coarsestRe-
finement in line 10 does not change H.-. After setting H,,, to H./, the algorithm begins
its final while loop with £ = 0.3 and H;,, = {{1,2},{3,4}}. In it, the repeat loop aggre-
gates nodes 3 and 4 and returns H. = {{1,2},{3,4}}, the final result of the algorithm.
The above example showcases why Algorithm 1 helps avoid unnecessary aggrega-
tions. Indeed, as discussed in Example 1, 0.3-BDE returns one block, while Algorithm 1
returns two blocks as outlined in Example 2. This is because aggregations arising for
smaller e-values are separated from these, which require larger c-values. Intuitively, ¢
accounts for the granularity with which Algorithm 1 aggregates nodes. A large 6 may
result in over aggressive aggregations, while a small value may lead to prohibitively small
blocks. In the experimental section, we evaluate Algorithm 1 on a number of benchmark

networks from different fields.

Asymptotics for BA networks
In this section, we introduce a partition for a BA network (Barabdsi 2012) of size O(n)

which is approximately BDE equivalent.

Definition 5 (BA Model) For a given size n, the BA model is described by the stochas-

tic process (G')o<¢<n, where G* describes an undirected graph with nodes {1,...,n}.
Given G*~1, we form G* by adding node ¢ and link node ¢ to node i, where i is chosen
randomly with
M L 1<j<t-1
Pli=j)=4q %#-1
-1 7!

Here, dg:-1(j) denotes the degree of node j in graph G*~1.

Although not all real-world networks are strictly scale-free, we consider the BA model
because it captures a key structural property observed in many such networks: the pres-
ence of highly connected nodes and a heavy-tailed degree distribution. This structure
is commonly found in social and citation domains, as well as in other networks that
exhibit a skewed degree distribution, even if they are not strictly scale-free. As we will
show in the experimental section, the BA partition can serve as an effective pre-par-
titioning strategy for both Ie-BDE and CATREGE. We are now ready to introduce the
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BA partition, which, inspired by the theory of the BA model, divides the nodes into two
groups: celebrities and followers.

Definition 6 (BA partition) Fix a partition threshold 0 < £ < 1 and generate a sample
run of the stochastic process (G')o<¢<,,. From this sample run, partition the set of graph
nodes {1,...,n} into blocks of celebrities C and followers F, that is, let

H=CUF=A{Cy,...,C.} U{F,..., F.},
where k = 1/¢ and*:

« celebrity nodes comprise 1,. . ., /n, that is, we have:

Clu...UCK:{l,...,\/ﬁ};

« follower nodes constitute v/n + 1, ..., n, meaning that

RU...UF,={V/n+1,...,n})

o |Cy)] =&y/nand C, < C, elementwise for v < v/;
o |Fy| =¢&(n—+/n)and F, < F,/ elementwise for v < v/,

For the BA process, computing the partition is straightforward because the node identi-
fier corresponds to its age. In the case of an instance of a network with power-law distri-
bution, without access to its underlying generative process, we can estimate the node’s
age by considering its degree and exploiting that older nodes have, on average, higher
degrees than younger ones (Bollobas and Riordan 2004; Barabési 2012). For this reason,
we can sort the nodes in decreasing order of their degrees and consider the first v/ N as
celebrities and the remaining N — +/N as followers. Then, these two groups of nodes
will be split following the definition.

We next formally justify the choice of the partition from Definition 6. To this end, we
recall the big-O, big-(2, and big-© notations.

Definition 7 For two functions f, g : Ng = R>(, we define

f = 0(g) <= limsup Hn) oo

oo 9()

f=Q(g) = liminfL?) >0

n—oo 9(1)

f=0(g) <= f=0(g) and f = Q(g)

The following key auxiliary result estimates the probability of finding links between
nodes of a BA model and sharpens (Bollobds and Riordan 2004) by studying the error
terms in the proof of (Bollobds and Riordan 2004, Lemma 2).

Lemma 1 Ina BA model (G")o<t<n, let g; with j < n denote the node to which node j con-
nects to. Then for all i < j < k, we have

2 To simplify presentation, we assume that 7 is a square and that £/n, 1/¢ € N. The assumption can be dropped by
rounding up.



Squillace et al. Applied Network Science (2025) 10:39 Page 13 of 26

('_)_%T O(l)

Moreover, it holds that

; + O(;
4iv/Gk iijk

For a block H of some given partition of nodes #, we shall next study the number of
H-in-degree of a node i. Formally, this is captured by the random variable jen X “,

P(g; =1i,9x = 1) —P(g; = i)P(gx = 1) = )

where

XM = { é: gzcherzwise 1)
Revisiting Lemma 1, we note that the in-degree of a node can be approximated by a
sequence of Bernoulli trials. However, while the first identity of Lemma 1 suggests to
approximate X*/ by a Bernoulli variable with success probability 1/2+/7j, the third
statement shows that variables X*7 and X" are positively correlated, hence stochas-
tically dependent. This prevents direct applications of the law of large numbers or the
central limit theorem.

The next result studies the number of links between the blocks of H.

Theorem 2 Let (G')o<i<n be a BA model and H. as in Definition 6. Then, the number of
links between celebrities and followers is of order \/€Y/n, that is

Eldeg(i, H)] = ©(\/¥/n), He F, i=y/neC,, C,eC

where deg(i, H) is the number of edges from i to nodes in block H € F and 0 < v < 1;
in all other cases, the number of links is O(1), i.e., negligible because it does not grow
with .
After studying the connectivity between the blocks of H, we are ready to state our main
result.

Theorem 3 Let G = (G")o<i<n be a BA model and H. as in Definition 6. Then, for large
n, partition H is on average a \/€-BDE of the scaled network G //n. Specifically, for any
0<~,v <land H € H, for largen > 1, we have

\;EIE[deg(iv H)| —E[deg(i', H)]| = O(VEP =),

where

o eitheri = yy/nand i’ = v'\/n such thati,i’ € H € C;
« ori=vnandi =+'nsuchthati,i’ € H € F.

A strengthening of the above result which would ensure that the difference of
degrees (rather than their expected values) is with high probability of order
O(|y —4'|) is difficult. Indeed, as stated in the next result, the variance of difference
(deg(i, H) — deg(i', H))/+/n does not vanish as # increases.
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Theorem 4 In a BA model (G')o<i<n. Then, for any H € H and i # i, it holds that:

V(deg(i, H) — deg(i’, H)| > V[deg(i, H)] + V[deg(i’, H)]
and

(1), 1eC,, HeC

E\/ﬁ), ieC,, He F

(

Videg(i, H)] = icF, HeC

BZ i€ F, HeF

We proved that the BA partition is asymptotically an -BDE partition for binary net-
works with power-law distribution of the nodes. By identifying important (celebrity) and
less important nodes (followers), practitioners can use this result as a starting point in
the analysis of the network. The BA partition can be used to avoid an aggressive reduc-
tion of the network, a well-known issue for regular equivalence on binary networks
(Borgatti and Everett 1989). In the experimental section, we show how Ie-BDE and
CATREGE can employ the BA partition as a pre-partitioning strategy to improve the
results on binary networks.

Experiments

We apply our framework to a number of benchmark networks, both weighted and
binary, to show its effectiveness and compare it against the state of the art. As indirect
approaches we consider REGE and CATREGE; for direct approaches, we consider differ-
ent variants of blockmodeling. To make a fair comparison, we analyzed the algorithms by
keeping the same level of granularity for all. This is controlled by incomparable param-
eters §/A for Ie-BDE and the number of clusters for the competing techniques. Thus,
we first fixed Ie-BDE parameters in a uniform manner across all networks, as detailed
next; then we chose the number of clusters of direct and indirect approaches equal to
the number of partition blocks returned by Ie-BDE.

Experimental set-up

We consider benchmark networks of different sizes as listed in Table 1. The networks
are divided into binary and weighted networks. For binary networks, we specify whether
they are directed (D) or undirected (U), since this affects how regular equivalence is
computed, as discussed below.

Iterativec-BDE

We implemented the Ie-BDE in a prototype that uses the implementation of e-BDE
already available in the software tool ERODE (Cardelli et al. 2017b, 2025). The two
parameters for Ie-BDE are the maximum tolerance A and the step size §. For an unbi-
ased, model-independent choice of these parameters, we considered the following heu-
ristic: since e-BDE relates nodes with similar row-sums of the adjacency matrix A, we set
up A by picking a value roughly equal to the average sum of the rows of A. For §, instead,
we took a value one order of magnitude smaller than the average value of the non-zero
entries of A, considering only the weights greater than 0. When this value is less than
the minimum non-zero entry in A, we set up ¢ equal to this minimum. The values of §

and A are listed in Table 1. With this choice, [e-BDE was run using €y = 0 and, unless
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Table 1 Parameters and results for iterative e-BE

Weighted networks le-BDE
Model References n REGE 0-BDE Size 4 A Ratio
EIES Freeman and Freeman (1979) 32 32 32 19 100 300 0.59
Windsurfers — Kunegis (2013) 43 43 43 20 100 60 047
Ecosystem Kunegis (2013) 128 128 128 37 10—1 30 0.29
FaoTrade De Domenico et al. (2015) 214 214 214 170 102 2.10% 079
WTN Gaulier and Zignago (2010) 226 226 226 171 104 107 0.75
CElegans Watts and Strogatz (1998) 306 286 286 207 100 40 067
USairport Colizza et al. (2007) 500 500 500 223 104 10 0.45
FB Opsahl and Panzarasa (2009) 1899 - 1857 1310 10 1000 0.69
Average ratio:  0.59
Binary networks le-BDE le-BDE / BA
Model References Type n CATREGE 0-BDE Size 6 A Ratio Size Ratio
Karate Kunegis (2013) u 34 30 30 16 100 4 047 27 0.79
GD Batagelj and Mrvar (2006) U 73 54 54 17 109 2 023 34 047
Revolution  Kunegis (2013) u 136 56 56 11 109 2 011 46 0.34
Email Kunegis (2013) D 167 166 166 14 100 30 008 45 0.27
Physician Kunegis (2013) D 241 241 241 3109 5 001 195 080
FilmTrust Kunegis (2013) D 874 - 673 238 100 2 027 371 042
BlogCatalog Zafaraniand Liu (2009) U 10312 - 10106 5455 100 60 0.53 5490 0.3
Youtube Zafarani and Liu (2009) u 15088 - 12691 4760 100 10 032 6766 045
Average ratios:0.25 0.51

otherwise stated, with the singleton initial partition considering all nodes. We use this

output to compare against the other approaches.

REGE

For weighted networks, we compare against the indirect method of REGE as imple-
mented in the R package presented in Matjasi¢ et al. (2020). Following (Ziberna 2009),
we set up a number of iterations for every model equal to 100. From REGE’s similarity
matrix, we retrieved the partition with the same number of blocks as Ie-BDE’s parti-
tion using the dendrogram associated to hierarchical clustering, which was computed
with the scikit-learn library (Pedregosa et al. 2011). In this case, following the literature
on this subject (Ziberna 2008), we consider two linkages for hierarchical clustering, i.e.,
single and complete links (Ziberna 2008) (denoted by REGE+SL and REGE+CL in the

forthcoming tables, respectively).

CATREGE

For binary networks, we considered the indirect method of CATREGE, since it achieves
superior performance with respect to REGE (Borgatti and Everett 1993). We used the
implementation in UCINET (Borgatti et al. 2002). CATREGE allows specifying an ini-
tial partition. In the first iteration, it divides the nodes following the given partition
instead of considering all of them in the same block. The nodes in different blocks can-
not be associated in the following iterations. To avoid CATREGE identifying all nodes
as equivalent (Borgatti and Everett 1993), as discussed, we employed the BA partition in
all binary networks. As with REGE, hierarchical clustering was applied to the resulting

similarity matrix.

Page 15 of 26
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Blockmodeling

For direct approaches, we compare against the binary, valued, and homogeneity block-
modeling approaches (Ziberna 2007), using the R package by Matjasi¢ et al. (2020). Since
these techniques are based on a local optimization algorithm, we set 1000 repetitions/
different starting partitions to check. Valued and homogeneity blockmodeling look for
f-regular equivalence, where the function fwas set to max, which is the common setting
for regular equivalence (Matjasic¢ et al. 2020). Valued blockmodeling requires specifying
a parameter m that distinguishes between prominent and non-prominent weights. The
best way to determine m is to have prior knowledge about the network. In absence of
this, it is possible to choose the value of m considering the distribution of the links. Fol-
lowing Matjasi¢ et al. (2020) and Ziberna (2007), we set m equal to the median and the
mode of the nonzero weights.

Error metric

To compare the precision of the different methods in computing approximately equiv-
alent nodes, we define a notion of similarity based on PageRank, following Tu et al.
(2018). Specifically, for each approximately regularly equivalent block, we compute the
maximum PageRank difference across all pairs of its nodes. Then, we compute the mini-
mum, the average, and the maximum value across all blocks. Thus, lower values of such
indices correspond to more similar (in terms of regular equivalence) blocks.

Timeout

Throughout all experiments we set a 3 h timeout for each analysis.

Results

Preliminary analysis

We computed the number of regularly equivalent node blocks using REGE and
CATREGE. These blocks contain the nodes that strictly satisfy the regular equivalence
definition. We show that the occurrence of regular equivalent nodes is rare, especially
for the weighted networks. Table 1 shows the numbers of regularly equivalent nodes.
In all weighted networks but CElegans, no nontrivial blocks were found, proving that
no regular equivalent nodes can be found. For CElegans, REGE returned 286 blocks.
CATREGE has an appreciable number of equivalent nodes; larger networks could not be
analyzed because CATREGE supports networks with at most 256 nodes. For compari-
son, we also analyzed the regular equivalences that can be found using Ie-BDE by setting
A = 0 (shortened 0-BDE in the table column); this corresponds to computing the condi-
tion according to Theorem 1. Interestingly, although Theorem 1 is only a sufficient con-
dition for regular equivalence, the analyzed networks do not distinguish the two notions
since the algorithms return the same number of blocks.

Weighted networks

Table 1 shows the number of approximately equivalent blocks of nodes identified by
Ie-BDE with the chosen parameters, highlighting that it halves, on average, the net-
work size. The comparison against REGE and blockmodeling for weighted networks is
reported in Table 2 (left). [e-BDE proved generally more accurate and can yield errors
up to one order of magnitude smaller. We also observe that homogeneity blockmodeling
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Table 2 Comparison on weighted (left) and binary (right) networks

Weighted networks

Method Errors Times (s)
Min Avg Max
EIES
le-BDE 2.23E-4 3.31E-3 9.34E-3 262
REGE+CL 1.05E-3 8.56E-3 3.15E-2 0.23
REGE+SL 1.50E-3 1.26E-2 3.72E-2 0.23
Blockmod. Hom. 1.50E-3 5.30E-3 8.27E-3 319.86
Blockmod. Val. median 31562 4.65E-2 6.15E-2 142.74
Blockmod. Val. mode 7.12E-4 2.06E-2 8.30E-2 115.23
Windsurfers
le-BDE 5.66E—6 4.46E-3 1.50E-2 147
REGE+CL 1.31E-4 6.36E-3 3.85E-2 0.46
REGE+SL 2.10E-4 741E-3 3.85E-2 0.46
Blockmod. Hom. 1.93E-3 5.67E-3 1.41E-2 532.80
Blockmod. Val. median 1.99E-3 3.78E-2 7.83E-2 291.55
Blockmod. Val. mode 1.31E-3 1.86E-2 3.856-2 30061
Ecosystem
le-BDE 6.89E-8 7.61E-4 2.89E-3 18.13
REGE+CL 6.89E-8 1.27E-2 2.18E-1 18.20
REGE+SL 6.89E-8 1.70E-3 8.16E-3 18.20
FaoTrade
le-BDE 0.0 3.47E-4 1.38E-3 23.53
REGE+CL 0.0 2.68E-3 2.89E-2 503.58
REGE+SL 0.0 5.23E-4 2.89E-2 503.58
WTN
le-BDE 2.42E-7 7.55E-5 4.35E-4 154.95
REGE+CL 1.53E-5 1.90E-3 1.33E-2 857.40
REGE+SL 1.15E-5 493E-3 3.08E-2 857.40
CElegans
le-BDE 0.0 5.61E-4 346E-3 3.54
REGE+CL 0.0 6.47E-4 2.06E-3 75.30
REGE+SL 0.0 7.56E-4 340E-3 75.30
USairport
le-BDE 1.25E-7 1.92E-4 3.45E-3 13.73
REGE+CL 1.32E-6 1.30E-3 327E-2 408.60
REGE+SL 1.52E-7 1.64E-3 4.02E-2 408.60
FB
le-BDE 0.0 3.21E-5 5.25E-4 47.46
Binary networks
Method Errors Times (s)
Min Avg Max
Karate
BA partition 2.37E-5 2.90E-3 7.62E-3 -
le-BDE 0.0 8.85E-4 548E-3 0.28
CATREGE+CL 0.0 6.31E-4 2.41E-3 1.00
CATREGE+SL 0.0 1.23E-3 261E-3 1.00
Blockmodeling 0.0 9.99E-4 4.99E-3 84.6
GD
BA partition 0.0 3.09E-3 6.06E-3 -
le-BDE 0.0 1.04E-3 4.89E-3 0.12
CATREGE+CL 0.0 2.34E-3 6.06E-3 1.00
CATREGE+SL 0.0 2.12E-3 6.06E-3 1.00

Page 17 of 26
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Table 2 (continued)
Binary networks

Method Errors Times (s)
Min Avg Max

Blockmodeling 4.54E-3 2.18E-2 9.92E-2 1441.8

Revolution

BA partition 1.63E-4 1.38E-3 1.01E-2 -

le-BDE 0.0 1.02E-4 2.63E-3 0.32

CATREGE+CL 0.0 5714 1.01E-2 1.00

CATREGE+SL 0.0 5.57E-4 1.01E-3 1.00

Email

BA partition 0.0 1.23E-3 2.96E-3 -

le-BDE 0.0 6.71E-4 2.96E-3 211

CATREGE+CL 0.0 9.99E—4 2.96E-3 1.00

CATREGE+SL 0.0 9.94E-4 2.96E-3 1.00

Physician

BA partition 0.0 3.95E-3 1.38E-2 -

le-BE 0.0 4.92E-4 3.28E-3 0.77

CATREGE+CL 0.0 3.12E-3 1.38E-2 1.00

CATREGE+SL 0.0 3.32E-3 6.93E-3 1.00

FilmTrust

BA partition 0.0 3.25E-3 1.19E-2 -

le-BDE 0.0 1.79E-4 3.41E-3 1.46

BlogCatalog

BA partition 1.33E-5 447E-4 2.29E-3 -

le-BDE 0.0 2.86E-6 2.50E-5 1250.0

Youtube

BA partition 5.83E-5 5.05E-4 1.83E-3 -

le-BDE 0.0 5.77E-6 1.21E-4 114.04

Best results in bold; methods that timed out are not listed

performs better than REGE and valued blockmodeling. Blockmodeling requires a con-
siderable amount of time, making it applicable in these examples to networks up to 43
nodes within the given threshold. REGE’s implementation is faster than Ie-BDE for ana-
lyzed networks with fewer than 306 nodes. We remark that FaoTrade and WTN, despite
being similar in size, are characterized by considerably different runtimes. This is attrib-
uted to the density of the network. For larger networks, Ie-BDE proved faster, justifying
the differences in asymptotic cost complexity of the two algorithms; in practice, REGE
could not analyze the FB network within the timeout.

Binary networks

With the settings of Table 1, Ie-BDE identifies nodes more aggressively, on average, in
binary networks than in weighted networks (ratios 0.25 and 0.59, respectively). We now
consider Ie-BDE initialized with the BA partition, following Definition 6. Here we set
& = 0.1 for all networks, always leading to 20 blocks. With this setting, and using the
same values of § and A, the average ratio using the BA partition becomes comparable to
that of weighted networks (last two columns of Table 1).

Table 2 (right) shows the comparison with CATREGE and (binary) blockmodeling.
These results were obtained when initializing Ie-BDE with the BA partition for a fair
analysis against CATREGE. For reference, we also report the error statistics directly
computed on the BA partition. Since, in all cases, both the CATREGE and the Ie-BDE
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results refine the BA partition, their error metrics are consistently improved. However,
we remark that, for small networks, the BA partition already provides errors within the
same order of magnitude as the iterative algorithms; for larger networks, the error sta-
tistics of the BA pre-partition obviously deteriorate because, by fixing the number of
blocks, it clusters increasingly more nodes.

Overall, in the networks where the comparison is possible, Ie-BE yields superior
precision than CATREGE and blockmodeling except for the Karate network where
CATREGE+CL achieves better results. CATREGE may be faster than Ie-BDE in some
cases, but it does not support networks larger than 256 nodes, as discussed. The block-
modeling results confirm the scalability issues observed in weighted networks, timing
out already with 136 nodes.

Discussion

Our method is designed to produce interpretable node partitions of approximately
regular equivalent nodes. While many role extraction techniques, such as REGE and
CATREGE, rely on structural similarity matrices followed by clustering, our approach
directly computes a discrete partition satisfying the e-BDE condition. On the other side,
blockmodeling computes the partition by swapping nodes among the blocks, but does
not provide guarantees on the optimality of the resulting partition.

Across the diverse set of networks we tested, our method consistently outperforms
REGE, CATREGE, and blockmodeling both in accuracy and computational efficiency.
Our approach does not depend on strong assumptions about the network structure and
performs well even in complex, noisy real networks. Furthermore, the scalability dem-
onstrated in our experiments enables Ie-BDE to handle networks of sizes that the other
methods cannot process efficiently.

A current limitation of our approach lies in the difficulty of estimating the exact num-
ber of blocks in the final partition. This number depends on the tolerance parameter
¢ and on the topology of the input network. However, at the current stage of develop-
ment, it is not possible to predict the resulting partition size a priori for a given €. While
the resulting number of blocks is theoretically explainable within the framework of our
method, practitioners who need to explicitly control the number of roles or partitions
may prefer REGE, CATREGE, or blockmodeling, which allow finer control over the out-
put dimensionality.

Conclusion

We have presented Ie-BDE, a new method to compute approximate regular equivalences
for networks based on a partition refinement algorithm. In most examples, it showed
superior precision and performance with respect to the state of the art, enabling the
analysis of networks that are beyond the scope of applicability of currently available
direct and indirect approaches. The asymptotic result for binary networks that pres-
ent skewed distributions provides a pre-partitioning heuristic for practical models that
avoid the problem of aggressive clustering of nodes. A possible extension would be to
develop a similar result for other classes of distributions.
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Appendix A: Proofs
Proof of Theorem 1 Follows via the if-then direction of (Chen et al. 2012, Lemma 1),
applied on each A, O

For the proof of Lemma 1, we will need the following.

Lemma 2 Forany 0 < s < ¢, it holds that

ﬁ(1+2211> \[Jr(?( D)

Proof As suggested in (Bollobas and Riordan 2004, Lemma 2), we approximate the prod-

uct by applying the logarithm

([t ) St e (6)

and noting that the integral convergence test ensures

2i t 22 25
. - log de| <log | ——
2i—1 s 2¢ -1 25 -1

Moreover, log(2z/(2z — 1)) = log(2x) — log(2z — 1), while integration by substitution

yields

t 2
/ log(2x)dx = %/ log(x)dx
s 2

S

¢ 2—1
/ log(2z — 1)dz = § / log(z)dx
s 2s5—1

Hence, by Taylor’s theorem, there exist £, ¢’ € (—1;0) with

t 2% 2t 2s
/ 2log dx = / log(x)dx — / log(z)dx
s 2z -1 2t—1 25—1

= log(26) + . - €'~ log(2s) — 5. €
=log(t/s) + O(s™ 1)

Recalling that § log(a) = log(y/a), we thus obtain

() - Y=
Pl 21 —1 sl

2s
2s—1

(1+0(1/s))(1+ 0O(1/s)),

~exp(O(s™))

IN

yielding the claim. O
We next prove Lemma 1.

Proof of Lemma 1 In the proof of (Bollobds and Riordan 2004, Lemma 2), the authors
show that
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1 1
P(gj_’)_lekH<1+2k1>’

=1

With this, Lemma 2 implies

j—1)1/2 1/2
Flog =) = 2]‘1_ 1 (U 212 + 0(i1)> = (213 - O(j2)> <Z1/2 + (’)(il)>

because v/ — v/ — 1| <|3(j —1)7'/2|-1 < i~ /2 by the mean value theorem. For
the second and third statement, we note using the notation from (Bollobds and Riordan
2004, Lemma 2) that

_ di_1 1
E(de I | GF=1) = i - s
(dk’zfgjzl | ) d}gflfgj,l + Qk 119371 (1 -+ 2/{7 1>dk 171.[!]],1,

which in turn implies

k
1
E(dy,ilg;=i) = H (1 + 28_1>]E(dj;i‘[9j’i)

s=j

as postulated in the proof of (Bollobds and Riordan 2004, Lemma 2). With this, the dis-
cussion from the aforementioned lemma ensures that

k—1

1 1 1 2j—14i+2
P(g; =1, — 1) = (1 ) - - .
(9j =i, 9k = 1) 2k*1£[]- +25*1 2j—120+12:-1
k—1
1 1 1
2k—12i—1H( o1
s=j

where, thanks to Chamberland and Straub (2013) and I'(z + 1) = 2I'(z) for any = > 0,
we have that

2-14i+2 @) _ ﬁ (1+ 1 )u@‘):F(H%) LG+3) @
2i+12i—1 "t LD U 1) TG - DT+ )
s 2l
’L+% 1,1 2Z+1 7,1
and
(2 2i—2 5 1 9 4i+2
2) _ 278 2y =
Mg =5 (WA D+ 5 (T +2) = 57—

This, in turn, allows us to conclude that
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2 1 I 1\’
_ 1
* o —1> [2@—1 2j—1g,< +23—1>1
1 1
— ol — |,
1ok (z ijk)

where the last identity follows by invoking several times Lemma 2. This establishes the

third statement which, together with the first statement, implies the second statement.
O

Proof of Theorem 2 Pick H € H with H = {a,a+1,...,b—1,b}, an i € {y/n,yn}

such that i < a and let X%*J be as in (1). Then

> XY= E[XM]

JjEH JjEH

_Z——FZO 1/ij)
JjEH
—Z

b
/a 2}(1] + O(log(b) /i + 1/i + 1/Via)
= V/b/i — \fai+ OQog(b) /i + 1/i + 1/Via),

where the first identity is due to the linearity of the expected value, the second due to
the first identity of Lemma 1 and the logarithmic growth of harmonic numbers, the

third due to the integral convergence test, and the fourth due follow via integration. This

—|— O((log(b) + 1) /4)

implies
o(1), i€eCyHeC
- | Bihom. 1
jeH o(1), ieF, HeF
The statement follows because | deg(i, H) — >,y X7 < 1. O

Proof of Theorem 3 From the proof of Theorem 2, we infer for i < ¢':

> x| —E [ > xia

jeEH jeEH

E = (Vb va)( S — =) + Ollog(b) /i +1/i +1/Via)

Vi Ve

We consider the case ¢,%" € C, and H € F as the other cases are straightforward. By

Taylor’s theorem, we infer for 0 < zg < z1:

Page 22 of 26
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—1/2 —1/2 —-3/2
g ? — a7 P) < [Rag® - e — o

Setting x1 = 11 ¢n and ¢ = 79 ¥/n, the above formula yields

1 1

Noting that v/b — \/a = O(,/€n), we obtain

3/2
<m - ’70|/%70/

1 1
i-( - )

The statement follows because | deg(i, /) — >_,y X/ < 1. O

< \/5\4/5|’Yl 3—/2’}’0\

Yo

Proof of Theorem 4 Letting j, j’ ranging over H, we first note that

IREED IR
J J J

3| v | | e 3
J L J J J

S OXH 4V ZX’J]QZZCOU[XW',XW]
i

J L J

\Y%

=V —2Cov

=V

The first statement follows by noting that (Bollobas and Riordan 2004, Lemma 3) ensures
forany i # ' and j, j' € H that

Cov[ X", X" = B[X" X"'] - E[X"|E[X"7'] < 0.
To see the second statement, we note that Lemma 1 implies for j, j' € H with j # j":

Cov(XH1, X" = E[X" X"7'] — E[ X" |E[X "]
=P(g; = i,9x = 1) — P(g; = i)P(gr = 1)

_ +0 !
ik ivijk

With this, we obtain

£=>" Y (EXYX"]-EXYEX"))

JeH j'e H\{j}

=5 ¥ (4‘1,,,+0<,%>>

jet jem iy NV VI
O(1), 1€C,, HeC
Vvn), 1€C,, HeF
1) 1€F, HeC

1), 1eF, HeF

Moreover, one can observe
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VIn Ay X = a2 Y VX 4 €

jEH jEH
— 12 Z VX5 4+ n~ /28
jEH
<2y | Ly
el R
=0[n V2R ZXi’j +n Y2
jEH
The statement follows because | deg(i, H) — >,y X7 < 1. O
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