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A B S T R A C T

Data-driven turbulence closures have been used to successfully improve the prediction of first order effects in
flows where the test case is similar to the training conditions. In this work, we examine the ability of such
closures to improve second order effects, such as heat transfer for complex geometries. First, an upper bound
for the available performance of the data-driven model is shown by inserting the Reynolds stresses from the
high fidelity training data in a stable manner to a modified Reynolds-Averaged Navier–Stokes (RANS) model.
Data-driven closures are then developed from this data set with a focus on robustness and the improvement in
the heat transfer effects analysed. The geometries considered are four topology optimised square ducts. Each
duct is optimised with varying weights of a multi-objective function to maximise heat transfer and minimise
pressure losses. One duct is used in training and the remaining three are set aside for testing the developed
closure. For the training case, it is found that simple data-driven closures for the Reynolds stresses alone, are
capable of improving prediction of the velocity and temperature fields by 38.2% and 34.8% respectively even
in complex geometries. These improvements are largely retained in the testing cases demonstrating the robust
generalisation of the developed model for this class of flow.
. Introduction

In recent years there has been growing interest in using data-driven
odels for CFD simulations. Despite continuing advances in computa-

ional power, Reynolds averaged Navier–Stokes (RANS) solutions are
till popular in an industrial setting, particularly for wall bounded flows
uch as gas turbines, heat exchanges and internal flows. Given the well
ocumented shortcomings of such solutions, there has been substantial
esearch effort directed towards improving the accuracy of RANS by
everaging machine learning (ML) methods with high fidelity data sets.

For gas turbines in particular, the internal coolant system is highly
hree dimensional and there is growing complexity in design to achieve
mprovements in coolant efficiency. It has been reported that an error
f 20 degrees in blade temperature can change the estimated life of the
omponent by up to 33% (Bunker, 2009). The external gas temperature
n turbines can reach 2000 K, implying that an error of just 1% can have
substantial impact on real engine applications. It is therefore crucial

o have accurate predictions of heat transfer and ML methods can play
crucial role.

Preliminary works were carried out to reduce the epistemic uncer-
ainty of RANS models under the umbrella of uncertainty quantifica-
ion (Gorlé et al., 2019). Among the first authors to apply dedicated
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machine learning methods to CFD, Ling and Templeton (2015) in-
troduced a classifier to predict regions of high uncertainty in RANS
predicted flows. A significant step forward was made by Parish and
Duraisamy (2016) who improved turbulence closures using field inver-
sion and ML. The spatial distribution of discrepancies was inferred for a
range of problems and subsequently transformed into a functional form
using ML, to be applied as a closure.

Since then, many different machine learning methods have been
developed. Most notably the gene expression programming approach
of Weatheritt and Sandberg (2016) and the DNNs from Ling et al.
(2016). However, they are applied to a relatively small sample of
simple training flows with very few examples where three-dimensional
flows in complex geometries are considered. A few examples where
three-dimensional flows are considered include (Huijing et al., 2021;
Hammond et al., 2020). Furthermore, there are limited examples avail-
able in literature where second order heat transfer effects are explicitly
considered.

One previous work in which data-driven methods have been applied
for improving scalar transport came from Weatheritt et al. (2019).
They focused on the efficacy of the Gradient-Diffusion Hypothesis
(GDH), learning high-order mappings of the scalar flux 𝑢′𝑖𝜃′ from an
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LES database which could subsequently be applied to a precursor
RANS solution. However, as the authors acknowledged, this approach
attempts to reproduce second order heat transfer effects when the
underlying velocity fields do not match. The scalar flux model is learnt
from the LES velocity and then applied in prediction using a RANS
velocity field. Given that for incompressible flow the temperature can
be considered a passive scalar, it should be sufficient to improve the
first order fields, in order to produce an improvement in the second
order quantities.

If an improvement in heat transfer is not observed through rec-
onciling the RANS velocity with LES, then attention can turn to the
scalar flux closure. Otherwise, the scalar flux model is being tasked with
overcoming deficiencies for which it is not responsible. This combined
strategy where data-driven models are learnt for both the Reynolds
stress and the scalar flux gives the greatest possibility for improved
heat transfer prediction but is outside the scope of the present work.
Consequently, the focus in this work is on the efficacy of the Reynolds
stress closure and subsequent analysis of the improved heat transfer
prediction through modification to the momentum equations alone.

Recently Frey Marioni et al. (2021) showed that in industrial ap-
plications, even simple networks can accurately reproduce the high
fidelity flow field. Moreover, many complex neural networks under-
perform when applied in an a posteriori sense as their high degree of
non-linearity can affect solver stability. Hammond et al. (2022a) also
provided a method of assessing bounds on the expected performance
of data-driven models. They showed that simple closures which are
linear with respect to a set of well-chosen input features can provide
significant improvements on current state-of-the-art models. Here, this
philosophy is continued. Closures of the same class are considered,
and it is demonstrated that they can be effective at improving both
first and second order effects even in the case of highly complex
three-dimensional geometries.

The paper is organised as follows. First, the geometries considered
for training and testing purposes are described, then the governing
equations are presented for the RANS (baseline and data-driven) and
high fidelity frameworks along with the heat transfer model used.
The remaining sections follow Fig. 1. An approximation to the upper
bound in prediction for the given high fidelity data is uncovered.
Simple, robust closures are then developed showing the lower bound
that more complex machine learning models should be capable of
achieving. These bounds are given in terms of first and second order
flow quantities. Finally, the developed closure is applied to the testing
geometries to assess how it performs in predictive situations, removed
from the training case.

2. Training and testing geometries

The geometries considered are obtained as simple representations
of an optimised internal coolant system of a gas turbine rotor blade.
Whilst it is outside the scope of this paper to describe the optimisa-
tion strategy, the geometries are employed as they represent the next
generation of coolant system design in modern gas turbines. It has
been shown by Hammond et al. (2022b) the critical nature of accurate
turbulence modelling in such designs.

A straight square channel with a length–width ratio of 10:1 rep-
resents the design domain on which four different optimal geome-
tries are found using the topology optimisation approach described
in Pietropaoli et al. (2020). The optimisations are conducted using a
multi-objective approach which aims to simultaneously maximise the
heat transfer between the fluid and the walls, whilst minimising the
pressure losses of the fluid along the channel. An example of one of
the optimised designs is presented in Fig. 2. The full domain optimised
solid geometry and the corresponding fluid region are visible. A quarter
of the full domain is used for simulation given the expected symmetry
of the case, with symmetry boundary conditions imposed on the two
internal faces highlighted.
2

Fig. 1. Flow diagram detailing the main steps of the data-driven process.

Table 1
Flow parameters.

Parameter Value Units

𝑈∞ 10.25 m s−1

𝑇∞ 600 K
𝑇𝑤𝑎𝑙𝑙 1000 K
𝜌 0.59 kgm−3

𝜈 5.12 × 10−5 m2 s−1

𝑐𝑝 0.76 kJ kg−1 K−1

𝑘𝑓 4.66 × 10−2 Wm−1 K−1

The four geometries, visible in Fig. 3, are obtained using the flow
parameters detailed in Table 1 which correspond to real gas tur-
bine working conditions. These conditions combined with a length
ℎ = 0.01 m relate to an inlet Reynolds number 𝑅𝑒 = 5 × 103. The
four geometries show similar patterns. Complex flow turbulators form
counter-rotating vortices that increase the contact time between the
fluid and the wall, enhancing heat exchange between the fluid and
the walls. These complex geometries are not exactly periodic in nature
and are instead shaped by the local flow conditions showing the vast
superiority in complexity that can be achieved from such optimisation
techniques in comparison to human designers. The specific shapes
are created to avoid large regions of separation locally, which are
inherently linked with high pressure losses.

Variability of the first three square duct designs SD100, SD200
and SD300 is introduced by changing the relative weights of the
heat extraction and pressure losses in the multi-objective optimisation
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Fig. 2. Schematic of the solid optimised geometry and the corresponding simulated fluid region. A quarter of the full domain is simulated, with symmetry conditions imposed on
the highlighted faces.
Fig. 3. Inlet region and first several ribs of each geometry considered. SD200 is used
for training, with SD100, SD300 and SDalt retained for testing.

process. The numbers 100–300 represent the ratio of the heat transfer
to pressure losses weighting. It is clear from Fig. 3 that the higher the
weighting on heat transfer, the greater the volume of solid geometry
that is introduced in the duct. This naturally increases the contact
surface area between the fluid and the walls, enhancing heat transfer
but presenting a greater blockage effect to the fluid passing along the
duct which increases the pressure losses.

The final design SDalt is obtained by deliberately altering the initial
optimisation search point to converge to another class of design corre-
sponding to a different local minimum in the optimisation space. In the
first three designs, the same rib topology can be observed which acts to
create 8 counter rotating vortices along the duct. SDalt has a relatively
simpler topology which creates just 4 counter rotating vortices, one in
each quarter of the full optimisation domain.

In this work the case SD200 is used for training the data-driven
closures as it is the case with mid weighting between pressure drop
and heat transfer, with cases SD100, SD300 and SDalt set aside for
testing purposes. SD100 and SD300 provide relatively similar cases
to the training case and test how well a closure may stand up to
changes in optimisation conditions. SDalt aims to provide a test case
that is slightly further removed from the training environment by
presenting a different topology to see how well the closures perform in
a more general setting. If SD100 had been chosen for training, which
has optimisation weighting further towards pressure drop than SD200,
the data-driven closure would be required to extrapolate further in
3

predicting SD300 which is weighted more towards heat transfer. The
same is conversely true if SD300 had been chosen and both situations
would come with a likely reduction in efficacy. Whilst it is outside the
scope of this work, the sensitivity of the results to the chosen training
case would be an interesting study of its own.

Fig. 4 shows the effect more clearly over the first half of each duct.
The size of the turbulators clearly reduces from SD100 to SD300 and
as a result of the smaller cross-sectional area, Fig. 4(a) shows the fluid
velocity increasing. This also has the effect of increasing the level of
turbulence in the flow and results in the raised temperature from SD100
to SD300 visible in Fig. 4(b). The differing structure of the flow can
also be seen for SDalt which appears to have the lowest level of fluid
heating up to the duct midpoint. Fig. 4 highlights the extrapolation that
the data-driven closure will have to deal with during testing.

3. Governing equations

3.1. Baseline RANS framework

The steady RANS equations for an incompressible Newtonian fluid
are presented as

𝜕𝑢𝑖
𝜕𝑥𝑖

= 0, (1)

𝑢𝑗
𝜕𝑢𝑖
𝜕𝑥𝑗

= 𝜕
𝜕𝑥𝑗

[

−1
𝜌
𝑝𝛿𝑖𝑗 + 𝜈

(

𝜕𝑢𝑖
𝜕𝑥𝑗

+
𝜕𝑢𝑗
𝜕𝑥𝑖

)

− 𝜏𝑖𝑗

]

, (2)

with time averaged velocity 𝑢𝑖, pressure 𝑝, density 𝜌, kinematic viscosity
𝜈 and Reynolds stress tensor 𝜏𝑖𝑗 which is unclosed and must be mod-
elled. It is conventional to decompose the Reynolds stress into isotropic
and anisotropic components as

𝜏𝑖𝑗 =
2
3
𝑘𝛿𝑖𝑗 + 2𝑘𝑎𝑖𝑗 , (3)

with turbulent kinetic energy 𝑘 and nondimensional anisotropic com-
ponent 𝑎𝑖𝑗 . It is the anisotropic component that is generally the sub-
ject of modelling efforts. Traditionally, turbulence models assume the
anisotropic component to be linear with respect to the mean strain
rate 𝑆𝑖𝑗 , realised by a proportionality constant known as the eddy
(turbulent) viscosity 𝜈𝑡 such that 2𝑘𝑎𝑖𝑗 = −2𝜈𝑡𝑆𝑖𝑗 . This allows the
momentum equation Eq. (2) to be rewritten as

𝑢𝑗
𝜕𝑢𝑖
𝜕𝑥𝑗

= 𝜕
𝜕𝑥𝑗

[

−𝑃𝛿𝑖𝑗 + 𝜈eff

(

𝜕𝑢𝑖
𝜕𝑥𝑗

+
𝜕𝑢𝑗
𝜕𝑥𝑖

)]

, (4)

where 𝑃 = 𝑝∕𝜌 + 2𝑘∕3 and 𝜈eff = 𝜈 + 𝜈𝑡. These Eddy Viscosity Models
(EVMs) require the definition of turbulent scales in order to obtain 𝜈𝑡,
the most common approach being single-point, two-equation models.
In this work we adopt the 𝑘 − 𝜔 SST-2003, two-equation model as
a baseline (Menter et al., 2003). Only the relevant components will
be presented throughout this work and for the full model, complete
with auxiliary expressions and closure coefficients the reader is referred
to Menter et al. (2003).



International Journal of Heat and Fluid Flow 98 (2022) 109072J. Hammond et al.
Fig. 4. Comparisons of (a) average velocity magnitude and (b) average temperature on the symmetry boundary for the four cases SD100, SD200 (training case), SD300 and SDalt.
3.2. Data-driven framework

Data-driven models rely on a more general, nonlinear relationship
between 𝑎𝑖𝑗 and the mean strain 𝑆𝑖𝑗 and rotation 𝛺𝑖𝑗 rate tensors
and some turbulent timescale 𝜏𝑡. The relationship, originally presented
by Pope (1975), makes use of the Cayley–Hamilton theorem and pre-
serves Galilean invariance. Defining nondimensional forms of the two
rate tensors as 𝑠𝑖𝑗 = 𝜏𝑡𝑆𝑖𝑗 and 𝜔𝑖𝑗 = 𝜏𝑡𝛺𝑖𝑗 then 𝑎𝑖𝑗 = 𝑎𝑖𝑗 (𝑠𝑖𝑗 , 𝜔𝑖𝑗 ) where

𝑎𝑖𝑗 (𝑠𝑖𝑗 , 𝜔𝑖𝑗 ) =
10
∑

𝑛=1
𝛽𝑛𝑉

(𝑛)
𝑖𝑗 (𝑠𝑖𝑗 , 𝜔𝑖𝑗 ). (5)

This constitutes a sum of linearly independent tensor basis 𝑉 (𝑛)
𝑖𝑗 for

𝑛 = 1,… , 10, each weighted by a coefficient 𝛽𝑛 which themselves are
functions of a set of scalar invariants 𝐼𝑚 for 𝑚 = 1,… , 5. Whilst in
theory all 10 terms are necessary for general mappings of 𝑎𝑖𝑗 (relying
on the assumption that the full functional dependence is in fact 𝑎𝑖𝑗 =
𝑎𝑖𝑗 (𝑠𝑖𝑗 , 𝜔𝑖𝑗 )), in cases where the bases are non-degenerate, it has been
shown that the first 5 terms alone are required for a local description
of 𝑎𝑖𝑗 (Gatski and Jongen, 2000). Following the aim to develop robust
and industrially relevant closures it is considered that these terms,
which are of the lowest degree, are also least likely to produce spurious
behaviour. Consequently, only these terms which are defined as

𝑉 (1)
𝑖𝑗 = 𝑠𝑖𝑗 , 𝑉

(2)
𝑖𝑗 = 𝑠𝑖𝑗𝜔𝑖𝑗 − 𝜔𝑖𝑗𝑠𝑖𝑗 ,

𝑉 (3)
𝑖𝑗 = 𝑠𝑖𝑘𝑠𝑘𝑗 −

1
3
𝐼1𝛿𝑖𝑗 , 𝑉

(4)
𝑖𝑗 = 𝜔𝑖𝑘𝜔𝑘𝑗 −

1
3
𝐼2𝛿𝑖𝑗 ,

𝑉 (5)
𝑖𝑗 = 𝑠𝑖𝑘𝑠𝑘𝑙𝜔𝑙𝑗 − 𝜔𝑖𝑘𝑠𝑘𝑙𝑠𝑙𝑗 ,

(6)

are considered in the present work. The corresponding scalar invariants
are
𝐼1 = 𝑠𝑚𝑛𝑠𝑛𝑚, 𝐼2 = 𝑤𝑚𝑛𝑤𝑛𝑚, 𝐼3 = 𝑠𝑚𝑛𝑠𝑛𝑘𝑠𝑘𝑚,

𝐼4 = 𝑠𝑚𝑛𝑤𝑛𝑘𝑤𝑘𝑚, 𝐼5 = 𝑠𝑚𝑛𝑠𝑛𝑘𝑤𝑘𝑙𝑤𝑙𝑚.
(7)

Data-driven models still require the definition of the turbulent scales
in order to define 𝜏𝑡 so elements of the baseline 𝑘 − 𝜔 SST model are
still required. The turbulent viscosity is defined in the 𝑘−𝜔 SST model
as

𝜈𝑡 =
𝑎1𝑘

max(𝑎1𝜔,𝑆𝐹2)
, (8)

This definition allows selection of an appropriate turbulent timescale
which is 𝜏𝑡 = 𝜈𝑡∕𝑘 = 𝑎1∕max(𝑎1𝜔,𝑆𝐹2). It is noted that this definition
differs slightly from other works in which the turbulent timescale is
defined as 𝜏𝑡 = 1∕𝜔 (Weatheritt and Sandberg, 2017; Schmelzer et al.,
2020). The present definition allows for the switch to a strain based
timescale in regions where the ratio of production to dissipation of 𝑘 is
high (Menter, 1994).

Finally, to complete the description of the data-driven framework,
the production term, present in both the 𝑘 and 𝜔 transport equations of
the 𝑘 − 𝜔 SST model, must be given special attention. The production
is defined as

𝑃𝑘 = min
(

−2𝑘𝑎𝑖𝑗
𝜕𝑢𝑖 , 10𝛽∗𝜔𝑘

)

(9)
4

𝜕𝑥𝑗
for incompressible flow, where only the anisotropic component of
𝜏𝑖𝑗 is included as for incompressible flow the isotropic components
contribution to 𝑃𝑘 is identically zero (𝛿𝑖𝑗𝜕𝑗𝑢𝑖 = 𝜕𝑖𝑢𝑖 ≡ 0).

3.3. Heat transfer model

In order to analyse the second order heat transfer effects, a passive
scalar transport equation for time averaged temperature 𝜃 is also solved
where

𝑢𝑗
𝜕𝜃
𝜕𝑥𝑗

= 𝜕
𝜕𝑥𝑗

(

𝛤 𝜕𝜃
𝜕𝑥𝑗

− 𝑢′𝑗𝜃′
)

, (10)

with conductivity 𝛤 = 𝜈∕𝑃𝑟 where 𝑃𝑟 = 𝑐𝑝𝜇∕𝑘𝑓 is the Prandtl number
calculated from the flow parameters in Table 1. The term 𝑢′𝑖𝜃′ is the
correlation between velocity and scalar fluctuations known as the scalar
flux. Similar to 𝜏𝑖𝑗 , this term is not closed so must be modelled. The
standard model for 𝑢′𝑖𝜃′ is the Gradient-Diffusion Hypothesis (GDH)
which is given, in a manner analogous to the turbulent viscosity, as

𝑢′𝑖𝜃′ = −𝛤𝑡
𝜕𝜃
𝜕𝑥𝑖

(11)

such that the molecular and turbulent conductivities can be combined
to give an effective conductivity 𝛤eff = 𝛤 + 𝛤𝑡 and the scalar transport
equation may be rewritten

𝑢𝑗
𝜕𝜃
𝜕𝑥𝑗

= 𝜕
𝜕𝑥𝑗

(

𝛤eff
𝜕𝜃
𝜕𝑥𝑗

)

. (12)

The turbulent conductivity is defined as 𝛤𝑡 = 𝜈𝑡∕𝑃𝑟𝑡 where the turbulent
Prandtl number 𝑃𝑟𝑡 is a constant to be selected for the specific flow and
here is set as 𝑃𝑟𝑡 = 0.85.

3.4. High fidelity framework

The high fidelity database used to train and test the data-driven
closures was collected from LES performed on the cases described in
Section 2. The LES are solved via the pressure implicit with splitting
of operator (PISO) algorithm and use wall-adapting local eddy vis-
cosity (WALE) sub-grid scale (SGS) turbulence model. The meshes for
each case are generated using an unstructured polyhedral mesher with
boundary layer refinement obtained through the inclusion of prismatic
layers along no-slip walls. To ensure a wall 𝑦+ < 1, 16 prismatic layers
are used with a geometric stretching ratio of 1.15. The resulting meshes
each consist of approximately 1 × 107 elements. Adaptive timestepping
is used to prevent the CFL number from rising above 1. The simulations
are run for a total of 0.45s which allows for 30 fluid passes through the
domain from which to extract mean flow statistics.

Training data is extracted from SD200 whilst the high fidelity data
collected for cases SD100, SD300 and SDalt are set aside for testing.
For training, the dataset train = {𝑎𝑖𝑗 , 𝑉

(𝑛)
𝑖𝑗 , 𝐼𝑚} must be obtained from

the raw high fidelity data. Time averaging the flow history from LES
gives the raw high fidelity data raw = {𝑢𝑖, 𝑝, 𝜏𝑖𝑗}. In order to calculate
 from  the turbulent scale quantities 𝑘 (to calculate 𝑎 from
train raw 𝑖𝑗



International Journal of Heat and Fluid Flow 98 (2022) 109072J. Hammond et al.

t
h

c
s
a

s
e
w
y
l
i
𝑉

Table 2
Results of upper bound approach for mean square errors 𝜖(⋅) and normalised errors
𝜖(⋅)∕𝜖(⋅0) where normalised errors are presented with respect to the baseline 𝑘 − 𝜔
SST.
𝑉 (𝑛)
𝑖𝑗 Mean square error Normalised error

𝜖(𝑢𝑖) 𝜖(𝜃) 𝜖(𝑢𝑖)∕𝜖(𝑢
0
𝑖 ) 𝜖(𝜃)∕𝜖(𝜃

0
)

1 1.067 × 101 4.706 × 102 0.4073 0.4147
1, 2 1.779 × 101 4.763 × 102 0.6791 0.4197
1, 3 1.106 × 101 4.706 × 102 0.4224 0.4147
1, 4 9.750 × 100 4.700 × 102 0.3722 0.4141
1, 5 1.100 × 101 4.855 × 102 0.4200 0.4278

Eq. (3)) and 𝜔 (to calculate 𝑉 (𝑛)
𝑖𝑗 and 𝐼𝑚 from Eqs. (6) and (7) respec-

tively) must first be specified. To facilitate this discussion, quantities
calculated directly from high fidelity data will be denoted 𝜙⋆, whilst
modelled quantities obtained from solving the RANS turbulent trans-
port equations are denoted 𝜙𝑚. Researchers recognised quickly that 𝜔⋆,
calculated directly from high fidelity data is often inconsistent with the
𝜔𝑚 obtained from its RANS transport equation (Parneix et al., 1998).
Using 𝜔⋆ in training can then significantly affect results when testing
developed closures in a RANS environment where all turbulence quan-
tities must be modelled. To remedy this, the frozen training approach
has been widely adopted where raw, (which are consistent quantities
across the high fidelity and RANS environments), is held constant and
the 𝜔-transport equation is solved to obtain 𝜔𝑚 for the given high
fidelity mean flow data.

𝑢𝑖
𝜕𝜔
𝜕𝑥𝑖

=
𝛾
𝜈𝑡
𝑃𝑘 − 𝛽𝜔2 + 𝜕

𝜕𝑥𝑖

[

(𝜈 + 𝜎𝜔𝜈𝑡)
𝜕𝜔
𝜕𝑥𝑖

]

+ (1 − 𝐹1)𝐶𝐷𝑘𝜔. (13)

The result is an 𝜔𝑚 field that would be obtained, should a RANS
calculation admit the exact mean flow observed in raw. This leaves
the task of appropriately defining 𝑘 which is now required for Eq. (13)
o calculate 𝜈𝑡, as well as for Eq. (3). A simple choice is to use the
igh fidelity 𝑘⋆ calculated by definition as 𝑘⋆ = 𝜏⋆𝑖𝑖 ∕2. However, it has

been observed that whilst 𝑘⋆ and 𝑘𝑚 are often more consistent than
their respective 𝜔 counterparts, their consistency cannot be assumed,
especially in near wall behaviour. Although 𝑘 is a quantity that is often
of greater interest in analysis than 𝜔 and so its correct prediction is
important, the authors consider that inconsistency in the high fidelity
and RANS environments is more likely to result in unexpected RANS
prediction. Consequently, in the present work, the 𝑘-transport equation
is also solved

𝑢𝑖
𝜕𝑘
𝜕𝑥𝑖

= 𝑃𝑘 − 𝛽∗𝜔𝑘 + 𝜕
𝜕𝑥𝑖

[

(𝜈 + 𝜎𝑘𝜈𝑡)
𝜕𝑘
𝜕𝑥𝑖

]

, (14)

to obtain the RANS consistent 𝑘𝑚 for the raw high fidelity data raw.
Eqs. (13) and (14) are coupled and must be solved simultaneously to
give a consistent frozen RANS solution.

It may be noticed that there is no reference to heat transfer quanti-
ties in the preparation of the training data. This is to be expected as
the present work explores the possibility of improving heat transfer
results through modifications to the equations for first order quantities
only. The scalar flux model is present simply as a means of quantifying
the improvement in heat transfer prediction, rather than as a means to
drive the training of the developed models.

4. Model development

4.1. Upper bound extraction

Following the definition of an appropriate and consistent training
dataset train in Section 3.4, it is prudent to assess the efficacy of the
data. This may be achieved by extracting optimal values for the 𝛽𝑛
oefficients (where some limiting may be required for stability) and
ubstituting them into a RANS calculation of the training case to obtain
5

n estimate for the upper bound in model performance available from o
the training data on the training case. It should be highlighted that
this approach does not constitute a model itself, and is simply the
insertion of static fields derived directly from high fidelity data into
a RANS calculation. This process also allows the decomposition of the
high fidelity Reynolds stresses into basis components. Consequently, an
interrogation of which terms play the most significant roles in affecting
the mean flow fields can be made, allowing the removal of other less
important terms from the model development procedure a priori.

In a previous study, Hammond et al. (2022a) applied this approach
for statistically 2D flows which is an extension of the work from Wu
et al. (2019). Here, the ideas are extended to a much more complex
3D flow. In order to capture the interplay between terms, optimal
𝛽𝑛 coefficients are extracted for combinations of terms. Rather than
solving exactly for 𝛽𝑛 at each point as is possible with a 2D flow, the 𝛽𝑛
terms are optimised in a least squares sense. Consider a subset of the
first 5 basis defined by  ⊆ {1,… , 5}. The 𝛽𝑛 coefficients for this set can
be found by solving the local least squares regression problem

𝛽 loc𝑛 (𝑥𝑖) = arg min
𝛽𝑛 for 𝑛∈

‖

‖

‖

‖

‖

𝑎⋆𝑖𝑗 −
∑

𝑛∈
𝛽𝑛(𝑥𝑖)𝑉

(𝑛)⋆
𝑖𝑗

‖

‖

‖

‖

‖2

, for 𝑛 ∈ , (15)

where 𝑥𝑖 is the spatial coordinate of each grid point.
Once the coefficients for a certain combination of terms have been

found they must be stably inserted into a RANS calculation to analyse
their effects on the mean flow field. To further improve conditioning
and reduce the propagation of errors from small discrepancies in the
Reynolds stresses the recommended approach of Brener et al. (2021)
is followed in which the optimal coefficients are extracted with high
fidelity velocity information from the tensor bases, as opposed to
recomputing optimal fields based on the RANS predicted tensor bases
with each iteration. This often requires limiting of the optimal values
as regions of negligible velocity gradient but non-negligible stress force
the least squares regression to find large magnitude values of the 𝛽𝑛
coefficients. In this work, the limits were set across all basis using a
bisection method to find limiting values which ensure stability when
the optimal coefficients are inserted into a RANS calculation whilst
avoiding limiting too severely and damaging the prediction quality.
Stable and accurate limits were found to be −50 < 𝛽 loc1 < 0 and
|𝛽 loc𝑛 | < 50 for 𝑛 = 2,… , 5. Combinations of 𝑉 (1)

𝑖𝑗 with each of the higher
order basis independently were tested to assess the effect of each higher
order term. 𝑉 (1)

𝑖𝑗 is included in all combinations as it is a linear, viscous
term and all calculations become unstable without it. The calculations
are run starting with the consistent frozen RANS solution as initial
conditions. The continuity, momentum and heat transfer equations are
then unfrozen and allowed to converge with fixed 𝛽 loc𝑛 for 𝑛 ∈  fields.

The results of this analysis are presented in Table 2. The mean
square errors 𝜖(𝑢𝑖) and 𝜖(𝜃) give the raw errors with respect to the
high fidelity for the mean velocity and temperature fields respectively.
The normalised errors present the fraction of the raw mean square
error with respect to the raw mean square error of the baseline 𝑘 −
𝜔 SST simulation. A normalised error of 0, therefore, represents the
exact reproduction of the high fidelity data and a normalised error
of 1 represents no improvement over the baseline model. First and
foremost, it is encouraging to see that all combinations of terms give
significantly improved results on the baseline model for both velocity
and temperature prediction. Secondly, it is interesting that none of
the simulations including higher order terms improve significantly on
the model considering 𝑉 (1)

𝑖𝑗 in isolation. Terms 𝑉 (3)
𝑖𝑗 and 𝑉 (5)

𝑖𝑗 are not
elected for model development as their inclusion yields very little
ffect on the mean flows, and even deteriorates prediction compared
ith considering 𝑉 (1)

𝑖𝑗 alone. 𝑉 (2)
𝑖𝑗 is also discounted from further anal-

sis from the perspective of model stability. Even when significantly
imiting its coefficient 𝛽2, an oscillatory solution was obtained. Whilst
ncluding 𝑉 (4)

𝑖𝑗 does give a nominal improvement of 3.5% over using
(1)
𝑖𝑗 alone, the penalty incurred from the additional model complexity

f an extra term, outweighs the observed performance benefits. As
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Fig. 5. (a) 𝑥-component of velocity at 3 streamwise locations (𝑥∕𝐿 = 0.25, 0.5, 0.75) as indicated in (b) for: (left) high fidelity LES; (middle) upper bound local regression, 𝛽 loc1 ; and
(right) baseline 𝑘 − 𝜔 SST.
Table 3
Results of local and linear regressions of 𝛽1 for mean square errors 𝜖(⋅) and normalised
errors 𝜖(⋅)∕𝜖(⋅0) where normalised errors are presented with respect to the baseline 𝑘−𝜔
SST.

Model Mean square error Normalised error

𝜖(𝑢𝑖) 𝜖(𝜃) 𝜖(𝑢𝑖)∕𝜖(𝑢
0
𝑖 ) 𝜖(𝜃)∕𝜖(𝜃

0
)

𝛽 loc1 1.067 × 101 4.706 × 102 0.4073 0.4147
𝛽 lin1 1.619 × 101 7.403 × 102 0.6181 0.6523

such, the decision is made to select just 𝑉 (1)
𝑖𝑗 in the search for data-

driven models and the upper bound of performance with this term is
approximated as a 59.3% improvement for velocity prediction and a
58.5% improvement for the temperature field.

A possible explanation as to why the higher order terms have such
a small impact on the training case is that the heat exchanger flow
contains no significant turbulent core, with substantial influence from
the nearest wall along its entire length. The nature of this geometry is
likely to restrict the production of phenomena arising from turbulent
interactions which may be modelled by the higher order terms. It is
therefore likely that the influence of these terms on the present flow
is reasonably small and most of the effects can be reasonably captured
by considering 𝑉 (1)

𝑖𝑗 alone. Fig. 5(a) shows 𝑢1 contoured over the three
sections indicated in Fig. 5(b) (𝑥∕𝐿 = 0.25, 0.5, 0.75) for the high fidelity
LES data, the local regression 𝛽 loc1 , and the baseline 𝑘−𝜔 SST. Clearly,
including 𝑉 (1)

𝑖𝑗 alone has an appreciable impact on the velocity field
prediction and the contours much more closely reproduce the high
fidelity data than the baseline 𝑘 − 𝜔 SST model.

4.2. Robust closures

Having defined which terms will be considered in the development
of the data-driven closures, and having set some expectation of the
level of improvement that is possible using these terms, attention can
now turn to model development. It has been shown in numerous
works that simple closures have the potential to provide very tangible
enhancements (Zhao et al., 2020; Schmelzer et al., 2020). In the interest
of developing robust closures, the search is restricted to models for 𝛽1
that are at most linear with respect to the chosen set of input features.
Specifically, take  ⊆ {1,… , 5} to be the set of indices defining the
6

set of considered input features for a certain model. The input features
considered are then defined as 𝐼𝑚 for 𝑚 ∈ . Models are searched for
in the space 𝛽 lin1 = 𝑤𝑚 ⋅ 𝐼𝑚 + 𝑏 where 𝑤𝑚 is a vector of weights of length
|| and 𝑏 is a bias, such that models for the anisotropic component of
the Reynolds stress take the form

𝑎𝑖𝑗 = (𝑤𝑚 ⋅ 𝐼𝑚 + 𝑏)𝑉 (1)
𝑖𝑗 . (16)

To find the values of the weights and bias the least squares multiple
linear regression problem is formulated, which can be stated as

⟨𝑤𝑚, 𝑏⟩ = arg min
𝑤𝑚 ,𝑏 for 𝑚∈

‖

‖

‖

𝑎⋆𝑖𝑗 − (𝑤𝑚 ⋅ 𝐼𝑚 + 𝑏)𝑉 (1)⋆
𝑖𝑗

‖

‖

‖2
. (17)

This problem can be solved analytically (or by any other relevant
method) to obtain 𝑤𝑚 and 𝑏 for any combination of the input features
𝐼𝑚.

Whilst this approach may appear simple it is the opinion of the
authors that model complexity should be built up only when required.
Many forms of more complex machine learning methods are available
to attempt to extract further predictive performance from the train-
ing data from Gene Expression Programming (Weatheritt and Sand-
berg, 2016) and Deep Neural Networks (DNNs) (Ling et al., 2016)
to less commonly considered approaches such as Elastic Net Regres-
sion (Schmelzer et al., 2020) and Random Forests (Kaandorp and
Dwight, 2020). However, such approaches have a much higher chance
of developing models which exhibit unpredictable behaviour in predic-
tive cases.

To further explain, for the simplest turbulent flows there may exist a
one to one mapping between input features and basis coefficients such
that if enough data is used then a very close approximation to the true
mapping can be obtained. Such an examples is shown in the turbulent
channel flow considered by Taghizadeh et al. (2020). However, as
observed by Hammond et al. (2022a), even for a backwards facing step
which is still a canonical test case and exhibits only a small increase in
complexity, this mapping may no longer be one to one. This implies
that even complex DNN models with sufficient data require some level
of ‘averaging’ of the coefficients in regions where the range of the exact
coefficients for a given set of input features is large. When this occurs
in a DNN it is hard to predict the effect on the flow field, both on its
converged state and the dynamics of the network in the convergence
process. For example, if the network predicts a value of 𝛽1 that is lower
than the true value, then the flow will struggle to converge in this
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Fig. 6. Normalised line averaged Nusselt number plotted from inlet to outlet for the LES, 𝑘 − 𝜔 SST, 𝛽 loc1 local regression and 𝛽 lin1 linear coefficient models.
region when the model is implemented in RANS calculations. During
preliminary testing on more complex models, this effect was observed,
resulting in spurious oscillations stemming from regions of separation
in the flow that were not damped out by the model to obtain a steady
solution.

In this work, where second order effects are being considered for
the first time, the decision is made to consider only simple linear
coefficient closures such as that defined in Eq. (16), with the intention
of promoting robustness and setting the benchmark for what more
complex models should be capable of achieving.

4.3. CFD testing

All possible sets defined by  were tested and the resulting models
were assessed on their a posteriori performance in RANS calculations,
rather than simply their a priori fit to the high fidelity data. Models are
run in the finite volume package OpenFOAM. The best model in terms
of mean square error for velocity and temperature fields was found as

𝑎𝑖𝑗 = −0.674𝑉 (1)
𝑖𝑗 . (18)

The mean square and normalised errors of the velocity and temperature
are presented in Table 3 along with the results of the upper bound
local regression for comparison. Whilst Eq. (18) provides a very simple
correction to the anisotropy, equivalent to a 32.6% reduction in the tur-
bulent viscosity, the improvement compared to the baseline 𝑘−𝜔 SST is
still considerable for such a complex geometry. The velocity prediction
improves by 38.2% over the baseline and the temperature improves
by 34.8%. There is a reasonable gap between the performance of the
linear coefficient model and the upper bound local regression which
more complex machine learning techniques may be capable of exploit-
ing, with a further 21.1% improvement available in the upper bound
for the velocity and a further 23.8% for the temperature. However,
significantly increasing model complexity to match the upper bound
on the training case may come at the cost of overfitting. Consequently,
for a simple model whose behaviour should be very predictable, the
observed improvements are fairly encouraging.

Figs. 6–8 present further details about the resulting turbulence and
heat transfer predictions. In Fig. 6 line averages of local Nusselt number
over the length of the heat exchanger for the high fidelity LES, baseline
𝑘 − 𝜔 SST, upper bound local regression and linear coefficient model,
normalised with respect to their inlet values 𝑁𝑢0, are presented. To
calculate Nusselt number a Reynolds type analogy is used. First, the
wall shear stress 𝜏𝑤 is extracted directly from each simulation and the
skin friction coefficient is calculated as

𝐶𝑓 =
𝜏𝑤

1 2
. (19)
7

2𝜌𝑈∞
Fig. 7. Average temperature at each streamwise section plotted from inlet to outlet
for the LES, 𝑘 − 𝜔 SST, 𝛽 loc1 local regression and 𝛽 lin1 linear coefficient models.

Fig. 8. Average turbulent kinetic energy at each streamwise section plotted from inlet
to outlet for the LES, 𝑘−𝜔 SST, 𝛽 loc1 local regression and 𝛽 lin1 linear coefficient models.
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Table 4
Results of mean square errors 𝜖(⋅) and normalised errors 𝜖(⋅)∕𝜖(⋅0) for each of the testing
geometries. Normalised errors are presented with respect to the baseline 𝑘 − 𝜔 SST.

Test case Mean square error Normalised error

𝜖(𝑢𝑖) 𝜖(𝜃) 𝜖(𝑢𝑖)∕𝜖(𝑢
0
𝑖 ) 𝜖(𝜃)∕𝜖(𝜃

0
)

SD100 1.388 × 101 7.606 × 102 0.6745 0.5699
SD300 1.995 × 101 6.642 × 102 0.7431 0.6619
SDalt 3.432 × 101 6.857 × 102 0.6733 0.6005

By making use of the Chilton–Colburn J-factor analogy between heat
and momentum transfer, which states that

𝐽𝐻 =
𝐶𝑓

2
= 𝐽𝑀 = ℎ

𝜌𝑐𝑝𝑈∞
𝑃𝑟2∕3, (20)

to calculate the local heat transfer coefficient ℎ, the local Nusselt
number 𝑁𝑢 can then be evaluated as

𝑁𝑢 = ℎ𝐿
𝑘𝑓

. (21)

To facilitate this discussion Figs. 7 and 8 show laterally averaged
emperature 𝜃, and turbulent kinetic energy 𝑘, plots for each simulation

along the length of the geometry. Over the inlet section up to 𝑥∕𝐿 = 0.1
the flows are almost identical. There are then two clear jumps in the
level of turbulent kinetic energy which occur between 𝑥∕𝐿 = 0.1 and
∕𝐿 = 0.2 where the flow hits the first rib. At this point, the baseline
− 𝜔 SST significantly overpredicts the production of 𝑘. The result

of this is flow with an excessively turbulent velocity profile, where
the Reynolds stresses transport fast flow in the freestream to the wall
and slow flow at the wall into the freestream, flattening the velocity
profile and increasing its gradient at the walls. Large velocity gradients
at the wall increase the wall shear stress 𝜏𝑤 which in turn, drives
increased heat transfer at the wall and explains the high 𝑁𝑢 values
observed in this region for the baseline 𝑘 − 𝜔 SST. The increased heat
transfer then realises itself into higher average fluid temperature as
the flow moves downstream. Further downstream the 𝑘−𝜔 SST model
is unable to reconcile the overproduction present at the first rib. The
level of 𝑘 remains high throughout the flow, leading again to higher
Nusselt numbers and an overprediction of the fluid temperature along
the length of the geometry. The average outlet temperature for the LES
is 881 K as opposed to 925 K for the 𝑘 − 𝜔 SST.

Turning attention to the data-driven models, Fig. 8 shows that the
upper bound local regression is able to prevent the large overproduc-
tion of 𝑘 after the inlet region. In fact, it slightly overcorrects the effect
and underpredicts 𝑘 along the length of the geometry. Whilst this does
ot appear to lead to reduced Nusselt numbers further downstream,
here are significant sections where the predicted 𝑁𝑢 is lower than the

LES in the region up to 𝑥∕𝐿 = 0.5, particularly immediately following
the jump in 𝑘 at 𝑥∕𝐿 = 0.2. This is enough to bring the average
temperature prediction below the level of the LES and the average fluid
temperature at the outlet is 863 K, representing a 41% improvement in
outlet temperature compared to the baseline.

Finally, the data-driven linear coefficient closure only partially
remedies the overprediction in 𝑘 production. However, it does so
enough to allow reduced Nusselt numbers along the full length of the
geometry and at the outlet the average fluid temperature is 915 K
which is a 23% improvement on the baseline prediction. A differential
exit temperature of 10 K may not seem significant on first inspection.
However, in the safety critical and high-cost industry of aerospace,
improvements of this order of magnitude can be significant. As men-
tioned in Section 1, Bunker (2009) predicted that a change in blade
temperature of just 20 K could impact the expected life of the blade by
33% and a work by Rezazadeh Reyhani et al. (2013) concluded that a
change in maximum blade temperature of 10 K could reduce the creep
life of the blade as much as 40%.

Nevertheless, it is clear that making simple corrections to the tur-
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bulence closure alone is sufficient to realise a tangible improvement
Table 5
Average outlet temperatures for each case.

Test case Outlet temperature/K

LES 𝑘 − 𝜔 SST Data-driven

SD100 872.4 928.5 914.1
SD200 (training) 881.0 925.1 915.8
SD300 884.4 923.9 913.8
SDalt 881.1 926.1 913.1

in the heat transfer prediction, whilst still considering a standard GDH
closure for scalar flux 𝑢′𝑖𝜃′, in the scalar transport equation. Further im-
provement might then be achieved either by considering more complex
machine learning techniques for the turbulence closure, or by turning
attention to nonlinear or data-driven modelling of 𝑢′𝑖𝜃′.

5. Test geometries

To assess how well the constant coefficient data-driven model gen-
eralises, it is now subjected to testing on the remaining geometries
SD100, SD300 and SDalt. It is reiterated here that as the upper bound
local regression is not a model itself but simply a case specific set of
static fields, it cannot be applied to these testing geometries.

Table 4 shows the results of the mean square and normalised errors
for each of the three test cases. The data-driven model has successfully
improved on the baseline 𝑘−𝜔 SST in terms of velocity and temperature
prediction for all the test cases. The level of improvement is fairly
consistent across all metrics and similar to what was achieved on the
training case. Plots of the normalised Nusselt numbers and laterally
averaged temperature distributions from inlet to outlet for each of
the cases for the LES, baseline 𝑘 − 𝜔 SST and data-driven models are
presented in Figs. 9 and 10 respectively. The overall conclusions are
the same as for the training case SD200. Production of turbulence in the
baseline 𝑘−𝜔 SST model where the flow hits the first rib is significantly
oo high and this sets up a flow with excessive turbulence in comparison
o high fidelity data along the full length of the duct. These enhanced
evels of turbulence drive higher heat transfer between the fluid and the
alls of the duct as seen from the elevated Nusselt number predictions.

n turn, this leads to an overprediction of the fluid temperature along
he duct. The effective reduction in turbulent viscosity of the data-
riven model acts to reduce the overprediction of turbulence by the
aseline model which corresponds to the improvement observed in
oth Nusselt number predictions and temperature distribution.

Of the three cases with similar topology (SD100, SD200 and SD300)
t is the case with the lowest weighting towards heat transfer SD100,
hich renders the best improvement over the baseline. This is achieved
espite its raw mean square error being the highest. Clearly, this is the
ase where the baseline model performs the worst, so the greatest im-
rovement is available. As the heat transfer weighting gets higher and
he turbulence levels increase, it seems that the baseline model is able
o perform better. Table 5, which provides the outlet temperatures for
ach of the models for each case confirms this, showing a temperature
ifferential between high fidelity data and baseline model of 56.1 K in
omparison to 44.1 K for SD200 and 39.5 K for SD300. In Figs. 9 and 10
he overall improvement of the RANS models (both baseline and data-
riven) is clear. This to some extent, explains why the improvement of
he data-driven closure reduces at higher heat transfer weighting.

Finally, whilst it is difficult to draw direct comparisons of the results
or SDalt as the structure of the flow is inherently different to the other
ases, it is promising to see the simple data-driven closure holds up well
n a predictive case further removed from the training environment.

Fig. 11 shows the average temperature distribution on a cross sec-
ion at 𝑥∕𝐿 = 0.7 for the high fidelity LES, linear coefficient 𝛽 lin1 model
nd the baseline 𝑘 − 𝜔 SST for each of the three testing geometries.
he reduction in temperature in the bulk of the flow for the linear
oefficient model over the baseline can be visualised in all three cases.
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Fig. 9. Normalised line averaged Nusselt number plotted from inlet to outlet for the LES, 𝑘−𝜔 SST and 𝛽 lin1 linear coefficient models for the test cases (a) SD100, (b) SD300 and
(c) SDalt.
Fig. 10. Average temperature at each streamwise section plotted from inlet to outlet for the LES, 𝑘 − 𝜔 SST and 𝛽 lin1 linear coefficient models for the test cases (a) SD100, (b)
SD300 and (c) SDalt.
C
c
t
t

However, it is clear there is still some improvement to be made towards
the high fidelity data which could in future be exploited by more
complex data-driven models.

6. Conclusions

In the open literature, there is a lack of work in which data-
driven methods are applied to complex geometries representative of
real applications, and also which considers heat transfer prediction. In
the present study, the geometries used are the result of fluid topology
optimisation which is gaining visibility for use in next generation gas
turbine design. The geometrical complexity of such designs is very high
9

i

and closer to those which may be present in real applications. The effect
of data-driven closures for the Reynolds stress tensor on heat transfer
prediction is also explicitly examined.

First, an approximation to the upper bound on the improvement
possible from the available training data is obtained which gives a
59.3% improvement for velocity prediction and a corresponding 58.3%
improvement in the temperature field over the baseline 𝑘−𝜔 SST model.

losures are developed in a simple class where basis coefficients are
onstrained to be linear with respect to the chosen set of input fea-
ures. Within this class, the model with the best performance improved
he velocity prediction by 38.2% and temperature by 34.8%. Similar

mprovements were obtained for the three test case geometries in both
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Fig. 11. Cross section of temperatures at streamwise location 𝑥∕𝐿 = 0.75 for the
testing geometries SD100, SD3000 and SDalt for: (left) high fidelity LES; (middle) linear
coefficient model, 𝛽 lin1 ; and (right) baseline 𝑘 − 𝜔 SST.

first and second order effects, highlighting the robust nature of the
linear coefficient closures.

The study demonstrates the capability of simple data-driven turbu-
lence closures to improve second order heat transfer effects in incom-
pressible flows, where the temperature may be modelled as a passive
scalar. Further, the study shows that instead of using a forest of simple
simulations to train models, it is possible to improve predictions for the
same class of problems by training on a single complex geometry.
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