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Mechanics of tubular meshes made of helical fibers and application to
modeling McKibben artificial muscles

Jacopo Quaglierini', Marino Arroyo? and Antonio DeSimone

Abstract— McKibben artificial muscles are an important
example of braided, tubular structures made of many inter-
woven helical fibers. Their highly non-linear response is very
robust and reproducible, making them particularly suitable for
applications in Soft Robotics. The rich behavior of McKibben
actuators has been studied either through minimal geometric
models or through complex Finite Elements Method (FEM)
simulations. To obtain a simpler yet accurate model for McK-
ibben actuators, we develop a simplified framework entirely
based on the geometry of the virtual envelope surface defined
by the fibers of the mesh. In the axisymmetric cases studied
here, the problem boils down to solving for a single scalar
field of one scalar variable. We validate our model by solving
contractor and extensor muscle configurations and comparing
them against experimental and numerical results from the
literature, achieving good agreement at a significantly lower
computational cost. Simulations reveal that loads are sustained
mostly by the braided mesh, whereas the inner chamber stores
most of the external work as elastic energy. This phenomenon
explains why simplified formulas for force-pressure relationship
may be quite effective in predicting the behavior of McKibben
actuators.

1. INTRODUCTION

Braided meshes used in McKibben artificial muscles are
an important example of tubular structures made of many in-
terwoven helical fibers [1, 2, 3]. These actuators are made of
an elastomeric chamber, connected to an external air supply,
surrounded by a cylindrical mesh of helical fibers clamped at
its bases. The mesh transforms the radial expansion into axial
displacement, so that it transduces a uniform input (pressure)
into a directional output (displacement); depending on the
braiding angle 6 (see Fig. 2), under internal pressure the
actuator increases its enclosed volume by contracting or
elongating along its axis. Indeed, by neglecting boundary
effects due to clamping, we can approximate the volume-
angle relationship with that of a cylindrical mesh with free
ends, shown in Fig. 1. The volume V(6) has a maximum
at 0 = 0" = arctan(l/\/i) ~ 35°26’, the so called “magic
angle”: at that point, an increase in pressure cannot cause
any further increase in volume, but only a stiffening of the
structure, and there is no change in 6. At smaller or larger
angles, the increasing enclosed volume causes elongation
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Fig. 1. Example of the volume-angle relationship for a braided cylinder.
The inner volume increases upon pressurization, with ¢ and axial length
increasing when 6 < 6* (A — B, extensor behavior) or decreasing when
6 > 6* (C — D, contractor behavior). For 8 = 6*, the inner volume has its
maximum value and further pressurization causes no volume increment.

(extensor behavior) or contraction (contractor behavior) of
the actuator, respectively. Despite its high non-linearity,
caused by the variation in geometry of the helical fibers,
the elastic response of these soft pneumatic actuators is very
robust and reproducible, making them particularly suitable
for applications in Soft Robotics.

Historically, the mechanical response of McKibben ac-
tuators has been quantified by adopting two opposite ap-
proaches. On one hand, by approximating the mesh as a
cylinder [1], we can derive a simple formula for the axial
force necessary to balance a given pressurization by applying
the Principle of Virtual Work (PVW). Further simplified
models based on force or energy balance can be found in
[3, 4] and in the many references cited therein. While some
key features are captured, these modeling approaches are too
simplistic to reproduce the behavior of braided meshes in
a broad range of operating conditions. On the other hand,
the Finite Elements Method (FEM) has been employed,
describing each fiber as an individual beam linked together
through boundary conditions [2, 5, 6, 7]. These simulations
are indeed accurate, yet computationally expensive, and do
not reveal the inner working principles of these structures.

In this paper, we define a physically insightful, computa-
tionally efficient framework to study the mechanical behavior
of McKibben artificial muscles. Under the assumption of ax-
isymmetric deformations, we derive a coarse-grained model
by assuming that the kinematics of the virtual envelope
surface, i.e., the surface of revolution on which the center-
lines of all fibers lie, resolves the one of the whole structure,
both in the initial and deformed configurations. More tech-
nically, the core hypothesis allowing us to relate fiber and
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surface kinematics is that the Darboux frame of their center-
lines coincides point-wise with the frame of directors during
deformation, see Figure 2. As a consequence, the behavior
of the mesh depends only on the angle 6(v) that the fibers
form with the parallels of the envelope surface along its axis.

We then simulate the behavior of a McKibben artificial
muscle, schematized as a braided mesh mechanically in
parallel with an inner chamber, and compare our results with
those obtained in Hassan et al. [2] who use a richer model,
that however employs many more degrees of freedom. To
give an idea of the gap in complexity, we need to solve a
single ODE on 120 nodes, whereas a full 3D model based
on FEM for rods presents, for each element, 3 unknown
functions of 3 spatial variables, one for each component of
the position field; the computational model in Hassan et al.
uses 13,048 and 14, 728 rod elements to simulate an extensor
and contractor behavior, respectively.

Simulations show that, in a typical McKibben artificial
muscle, loads are sustained mostly by the braided mesh,
whereas the major part of the external work done on the
structure is stored as elastic energy by the inner chamber.
This fact explains why analytical formulas based on PVW
(in which the presence of the chamber is not considered and
the elastic energy stored by the mesh is neglected) can be so
effective at predicting the behavior of McKibben actuators,
as shown in Section III-B.

The remainder of this paper is organized as follows. In
Section II, we present the mathematical framework of our
model. In Section III, we present our main findings on
McKibben actuators and compare numerical simulations with
results found in literature. In Section IV, we discuss their
implications and outline possible directions for future work.

II. MATHEMATICAL MODEL AND NUMERICAL IMPLEMENTATION

We consider a McKibben actuator formed by an inner
chamber and an external cylindrical braided mesh. The mesh
has initial radius Ry, initial height Hy, and it is composed
of N identical, inextensible, helical fibers; these fibers are
organized in pairs of opposite chirality and share the same
helical axis, as shown in Fig. 2. In the reference configura-
tion, which we assume to be stress-free, right-handed helices
form a positive angle 6y € (0, m/2) with the parallels of the
cylinder (braiding angle), while left-handed ones form an
angle equal to —6,, see inset in Fig. 2.

We describe the kinematics of the envelope surface, i.e.,
the surface of revolution on which the center-lines of all
fibers lie, in terms of the current braiding angle 6, that is, the
angle that right-handed fibers form with the parallels of the
mesh in the deformed configuration. Fibers are modeled as
Kirchhoff rods with elastic energy expressed in terms of their
strains [8]; we then further simplify our model by assuming
that one of the directors of the cross section is always parallel
to the normal to the envelope surface. Mathematically, this is
equivalent to making the ansatz that the frame of directors of
each fiber coincides with the Darboux frame of the envelope
surface. Therefore, the elastic energy of fibers, through their
strains, is a function of 0 alone. As shown in Section III, the

Fig. 2. Sketch of the initial configuration of the mesh of a McKibben
actuator, with initial braiding angle 6y. The inset shows the directors frame
defined by the geometry of the envelope surface (see Section II-C).

results obtained using this simplifying assumption are still
in good agreement with experiments in Hassan et al..

We then model the inner chamber as an incompressible
rubber balloon, and we assume that the envelope surface
of the braided mesh and the inner surface of the balloon
coincide. The key idea is to model the actuator as the
coupling in parallel of the braided mesh with the inflatable
balloon contained by it. In this way, the overall internal
energy of the structure is the sum of their individual ones.

A. Geometry and kinematics of the envelope surface

Let {e;, e, e3} be the global Cartesian reference frame,
with e; along the axis of the mesh. We assume no sliding
between fibers; since fibers are mechanically equivalent and
both right-handed and left-handed ones are present, the mesh
does not rotate around e; when subjected to axisymmetric
loads. Thus, axisymmetric deformations of the envelope
surface are parametrized by

u (u
xu,v) = (r(v) cos (R—O), r(v) sm(ITO), z(v)) s (1)

where u € [0,27R], v € [0, Hy], are the circumferential and
axial coordinates in the initial configuration, and r, z are the
distance from the axis and the current axial coordinate. The
differential Dy is computed as

ro. u r u
sz[X,u, X,v] ; x,u=(—170 Sm(ITO)’ ITOCOS(R_O)’ 0), 2)

X.v =(r,v cos (%) Iy sin(RiO), Z,v)7 3)

where (-), means derivative d/dx. The field of unit vectors
normal to the surface N = (x4 A X.v)/lIXuAX | 1S given by

N =

1
—(Z,v cos (i), Z, sin (i) —r,v). 4)
i+ Ro Ro
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The coeflicients of first and second fundamental forms are

2
E:(i), F=0, G=(.)+@), 5)
Ry
rZy FwZy — Tyl
e=—-——2—, f=0, g=-22 207 (6)
RING VG

B. Imposing the inextensibility of fibers

Since the problem is axisymmetric and fibers are mechani-
cally equivalent, each fiber will have the same elastic energy.
Therefore, in the following we can focus only on the right-
handed fibers without any loss of generality. We parametrize
the center-line of a generic fiber in the u,v plane as

C(1) = ((uo + 1 c0s(60))mod(2rky)» 8In(6h)) (N

where 7 € [0, Hysin™'(6p)] is the arc-length of the curve. The
image of C(¢) on the envelope surface has tangent vector

b := x.(C(1)) = cos(8o) X u + sin(B0)X v » (8)
and from the definition of 8 we have
b x.u = |Ibll VE cos(6p) = cos(6). 9)
By imposing the inextensibility of fibers, i.e.,
lIbll = E cos?(6y) + G sin®(p) = 1, (10)
it is easy to show that
Ry
= 0), 11
r cos(@) cos(0) (11
sin(6) \/2—
b= = 1 — R? tan2(6,)6> . 12
= Snte) o tan”(6p)67, (12)

C. Fibers as elastic Kirchhoff rods

Fibers are modeled as elastic Kirchhoff rods, endowed
with a positive orthonormal frame of directors {d;, d;, d3}.
For a generic fiber, at each point along its center-line we
can attach the corresponding Darboux frame, defined on
the envelope surface as {b, (b A N), N}. According to the
Kirchhoff hypothesis, d; coincides with the tangent vector b.
We assume, in addition, that one of the directors coincides
with the normal vector, namely d; = IN. Thus, the frame of

directors coincides with the Darboux frame, i.e.,
dit)y:=N, dyt);=bAN, ds@) :=b. (13)

Through some tedious yet straightforward manipulations, we
can compute the vector of strains w = (uj, up, u3)" as [8]

u= dz’t'dg. =2 Sin(G())Q,V R (14)
cos(6)sin(6y) Oy

=ds,-d)=——= 227 _Rytan(6) 9—==, (15

u=dsz;-d; Rotan(®) 2y —Rotan(6p)sin”( )z,v (15)
0o)sin(6 Rot 0.,

wy=dy o= < (zsm( o), R a;(g())sin(w)’—. (16)
0 Zy

By substituting Eq. (12) in these expressions, we conclude
that strains are functions of 6(v) alone, i.e.,

u; = u;(0(v)), i=1,2,3. (17

Therefore, the initial geometry of the mesh and 6(v) fully
describe the geometry of the deformed envelope surface,

which in turn resolves the kinematics of the fibers. In the
initial configuration (0 = 6,), strains are given by

cos2(6p) cos(fy) sin(fy)
, Wo=——(H
Ro RO

upo=0, wupo=- . (18)

D. Energetics of the mesh

We find the equilibrium configurations of the mesh by
using the Principle of Virtual Work, which requires

0E(0;60) =0, Voo, (19)

where & is the potential energy of the system given by the
difference between internal energy and work done by external
loads, and 6(-) denotes a virtual variation. The internal energy
of the system is the elastic energy of the mesh, i.e., the one
of a single fiber times their number,

N Ho
[By (u1—u10)* +

el -= .
2sinfy Jy

+By (r—u20)*+ B3 (uz—u30)* ] dv. (20)

Here, By, B, represent the bending stiffnesses of fibers along
d,, d;, and Bj their torsional stiffness along d;. Compression
can be achieved either by applying a given axial force F, in
which case the work term &Ep

Ho
SFZF(f Z,vdV—H())
0

must be subtracted from &, or by imposing the height of
the mesh to be equal to /figer, in Which case we subtract
from & the term &

Ho
En =My (f 2y dv - htarget) >
0

where Ay, is a Lagrange multiplier.

2y

(22)

E. Modeling of the inner chamber

We model the inner chamber as an incompressible hollow
cylinder with initial radius Ry, initial height Hy and initial
thickness fy. Since fy << Ry, Hy, stretches are approximately
constant across the thickness. By assuming that the balloon is
already in contact with the mesh and that there is no sliding
between them, at contact points they share the same metric
and are subjected to the same constraint of inextensibility
along the fibers; by considering a “dense enough” mesh, we
can extend this assumption to all points of the surface. Thus,
in the basis {x 4, X.»» IN} the metric tensor of the balloon is

/1% 0 O E O 0
C=(0 2 o0|=|0 G 0o |, (23)
0 0 /lg 0 0 (EG)!
where
_ cos(9) _ sin(6) _ sin(26p) 24)
"~ cos(6y)’ "~ sin(8p) "~ sin(26)

are the principal stretches, with A3 obtained from the con-
straint of incompressibility (det(C) = 1). We describe the
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elastic energy of the balloon by adopting an incompressible
Mooney-Rivlin model, with energy density

Y(C) :=c1 (11(C) = 3) + 2 (L(C) - 3) =

3
_ 2 -2
=- 3(6‘1 + Cz) + Z Cl/li + Cz/li ,
i=1

(25)

where I}, I, are the first two principal invariants of C,
and cy, c; are material parameters. Under the hypothesis of
constant stretches across thickness, the elastic energy of the
balloon simplifies to
Hy
Salloon := Ag A Y(Cv)dv, Ag:=nio(fo + 2Ro), (26)

where Aj is the area of any annular cross-section of the initial
cylinder. The work done by a constant internal pressure P is
Hy
Ep:= P(V-Vy) =nP ( f Pz, dv— HORg) , (27)
0
where V), V are inner volumes in the reference and current
configuration, respectively. The total potential energy reads

&= 861 + 8ba1100n - 80 - SP P (28)
where &, is either equal to & or &, (see Egs. (21),(22)).

F. Numerical implementation

We implemented the previously described mathematical
model with a MATLAB® custom code, where we minimize
Eq. (22) with respect to 6(v), discretized into 43 points
through a clamped cubic B-spline; a Gauss-Legendre quadra-
ture of order 3 is adopted, obtaining 120 Gauss nodes. The
cubic spline ensures a smooth second derivative of 6, and
using Gauss nodes as discretization points allows us to have a
good approximation of the integrals in the energy functional.

III. REsurrs

To validate the proposed model against experimental ev-
idence, we compare our results with those of [2], who
investigated the mechanical response of a McKibben actuator
with a FEM model and compared it with experimental
results, as well as analytical approximated formulas obtained
through the Principle of Virtual Work (PVW). The actuator
considered has initial height Hy = 85 mm, initial radius
Ro = 12.5 mm, and initial braiding angle 8y = 37°, close
to the “magic angle” 6. Four cases were investigated:

1) Quasi-static Isometric tests

a) the McKibben actuator is pre-stretched and kept at
a fixed length of 115 mm; then it is subjected to an
internal pressure increasing from O to 1 bar, and the
axial loads are recorded (compressor behavior);

b) the McKibben actuator is pre-compressed and kept
at a fixed length of 55 mm; then it is subjected to an
internal pressure increasing from O to 1 bar, and the
axial loads are recorded (extensor behavior);

2) Quasi-static Isobaric relaxation

(c) the McKibben actuator is pre-stretched at a length
of 115 mm; at this nominal position, it is gradually

Fig. 3. Sketch of the application of the PVW to an infinitesimal cylinder
at the center of a mesh subjected to an axial force and internal pressure.

pressurized from O to 1 bar, and then kept at constant
pressure. The top end-fitting is allowed to relax
until the axial load vanishes, and the corresponding
displacement is recorded (compressor behavior);

(d) the McKibben actuator is pre-compressed at a length
of 55mm; at this nominal position, it is gradually
pressurized from O to 1 bar, and then kept at constant
pressure. The top end-fitting is allowed to relax
until the axial load vanishes, and the corresponding
displacement is recorded (extensor behavior).

The number of fibers N, bending and torsional stiffnesses
B1, By, B3, and material parameters ci,c,, are set equal to
the ones found in [2].

For cases a), b), we also report analytical profiles of the
force-pressure relationship, obtained by applying PVW to
an infinitesimal cylinder at the center of the deformed mesh,
derived in Section III-A. In this way, we extend the argument
used in [1] for finite cylinders to non-cylindrical geometries.

A. Analytical formulas from the Principle of Virtual Work

Considering a generic mesh in equilibrium under an axial
force F and internal pressure P, we focus on an infinitesimal
cylinder at its center, with radius r, height dz, and braiding
angle 6, see Fig. 3. Assuming that the mesh stores no elastic
energy, the PVW on the infinitesimal cylinder states that

2rrdzPor + (F + 7rr2P) 0(dz) =0. 29)
Kinematic constraints from Egs. (11),(12) become
RO dZo .
= ), dz=— 0), 30
r cos @) cos(6) z Siné0) sin(6) (30)

where dzg is the height of the infinitesimal cylinder in the
reference straight configuration. Substituting them in Eq. (29)
we obtain
nR?
0 -2
=———|3 0)—-1)P.
cos? (00)( sin” (6) )

We use Eq. (31) for cases a), b) with 6 equal to the
braiding angle at the center of the mesh after pre-stretch

€1y
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or pre-compression but before pressurization. Eq. (31) is
a good approximation for the force-pressure relationship
of a McKibben actuator provided that the following three
conditions are met:

1) the mesh stores no elastic energy but accurately imposes
the kinematic constraints in Eqgs. (11),(12);

2) loads on the structure are sustained entirely by the mesh;

3) upon pressurization, the angle 6 at the center of the
mesh does not change.

B. Comparison with Hassan et al.

Figure 4 compares the force-pressure or displacement-
pressure profiles obtained through our model with the results
reported in [2], as well as the analytical approximations for
cases a), b) following Eq. (31), showing that there is a good
matching between analytical and numerical curves. In fact,
simulations highlight that the value of 8 at the center of the
mesh does not change much with applied pressure, and that
loads are sustained mostly by the braided mesh.

Considering the infinitesimal cylinder at the center of the
mesh, since the balloon absorbs essentially all the external
work done on the structure, see Fig. 5, the working hypothe-
sis of no elastic energy stored in the braided mesh is verified.
At the same time, since the load fraction transmitted by the
balloon is negligible, the axial force exerted by the entire
structure matches the one exerted by the mesh as predicted
by PVW. Therefore, these results clarify why the analytical
approach based on PVW yields — in this case — accurate
results in spite of the presence of the balloon and the fact
that deformed shapes are not cylinders.

For what regards the comparison with [2], there are some
small discrepancies in cases b), c), and more pronounced
ones in cases a) and especially d). These can be attributed to
the inherent differences with respect to both their FE model
and experimental prototype. Indeed:

1) We do not model the interlacing of fibers;

2) We do not ignore the initial stresses of the structure;

3) Our internal chamber follows a cylindrical profile, not
a bellows-like one as in [2];

4) Our internal chamber is in contact with the mesh from
the beginning of the experiment, and the two sub-
structures have the same initial length and diameter;

5) We do not take sliding of fibers into account.

Finally, we note that the simplified model embodied in
Eq. (31) is not always a suitable approximation. For instance,
if fibers are thicker or stiffer, then besides their effect in
imposing the kinematic constraints through their inexten-
sibility, bending and torsional energy should play a role.
Since these effects are accounted for in our theory but not in
the analytical formula (31), differences are to be expected.
Considering case b), Figure 6 compares these two models
for a McKibben actuator with mesh fibers a hundred times
stiffer than the ones in [2]. Now, Eq.(31) leads to noticeable
errors, which from the energy density plots can be ascribed
to the elastic energy of fibers.

Axial Force (N)

Axial Force (N)

AL/L

0.00 . . : :
0.0 0.2 0.4 0.6 0.8 1.0
Pressure (bar)
= Simulation =~ Experiment Hassan et al.
Analytical -@— Simulation Hassan et al.

Fig. 4. ab) Comparison between the force-pressure curve obtained by
simulating case a,b) through our model and the one presented in [2]. A
force profile obtained by applying PVW is reported as well. c,d) Comparison
between the strain-pressure curve obtained by simulating case c,d) through
our model and the one presented in [2]. Here, L is the length of the actuator
before pressurization, 115 mm for case c¢) and 55 mm for case d), and AL
represents their variations.

IV. DiscussioN AND CONCLUSIONS

Our results highlight a clear separation of roles between
outer braided mesh and inner chamber in McKibben actua-
tors. The braided mesh sustains loads and imposes the kine-
matic constraints of the structure through fiber inextensibility,
whereas the external work done on the structure is stored
as elastic energy for the major part by the inner chamber.
This separation of roles, i.e., the braided mesh sustains loads
and restricts kinematics without storing energy, while the
chamber stores the external work without transmitting forces,
clarifies why the simplified analytical formulas for the force-
pressure relationship, based on Principle of Virtual Work,
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Fig. 5. Comparison between the elastic energy density of the mesh and the
balloon during the blocked-force test of case a) in the initial (top) and final
configuration (bottom) . At the center of the mesh, the energy density of the
fibers is negligible with respect to the one of the balloon. This shows that,
considering the infinitesimal cylinder at the center of the mesh, external
work is stored as elastic energy almost entirely by the balloon.

provide a good approximation as explained in Section III-B.

Our model shows higher accuracy than currently available
geometric models (see Fig. 6). In fact, our results show good
matching with those obtained from more complex FEM mod-
els, while requiring a fraction of their computational cost,
making our model a promising tool for design optimization.

In future work, we plan to extend our formulation to
capture effects not yet included in our model such as fric-
tion, sliding, and interweaving of fibers. Also, it would be
interesting to choose different models for the elastic energy
of fibers, with energy densities growing with respect to the
strains faster than quadratically.
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