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 A B S T R A C T

Full-field methods such as Electronic Speckle Pattern Interferometry (ESPI) and Digital Image Correlation (DIC) 
emerge as promising alternatives to strain rosette in the hole-drilling method, each with its own advantages 
and limitations. In particular, DIC stands out as a method requiring minimal (and cheap) specimen preparation; 
however, its sensitivity is approximately one order of magnitude lower than that of conventional strain gauge 
techniques.

We address two fundamental questions. First, how can the inverse problem of the hole-drilling method 
be systematically approached outside the well-established framework of ASTM E837, which provides users 
with comprehensive guidance, including automated regularization procedures? Second, thanks to full-field 
measurement techniques, is it possible to retrieve stress distributions at a spatial resolution finer than the 
drilling step?

We revisit the theoretical development of the inverse problem, aiming to directly identify the residual 
stresses from raw images, without intermediate pre-processing of the displacement fields. We introduce the 
L-curve method – well established in other scientific domains – as a rational tool for the choice of the 
regularization parameter. Finally, we show that, in principle, it would be possible to identify the entire stress 
distribution from a single drilling increment. We perform a deep rolling treatment on an aluminum specimen 
and compare the residual stresses identified using both a strain gauge rosette and DIC.

We demonstrate that the proposed framework yields results comparable to those obtained using strain 
gauge rosettes, while minimizing user-dependent arbitrariness. Furthermore, we show that depth super-
resolution of at least a factor of two is already achievable with current technological capabilities.
. Introduction

.1. Hole-drilling method and full-field measurements

The hole-drilling method (HDM) remains a cornerstone in the exper-
mental identification of near-surface residual stress fields, particularly 
ue to its partially non-destructive nature and its adaptability across 
 wide spectrum of engineering materials and applications. Originally 
onceptualized by Mathar [1] in the early 20th century, the method 
s now systematically codified in the ASTM E837 standard [2]. Cen-
ral to modern implementations is the integral method introduced by 
chajer [3–5], which marked a pivotal shift in the analysis of non-
niform residual stress distributions as a function of depth, through 
he incorporation of numerical calibration functions into the inverse 
roblem. A comprehensive overview and an in-depth survey of the 
elevant literature can be found in Chapter 2 of Schajer’s book [6].

∗ Corresponding author.
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The standardized testing method currently in use is based on the 
strain gauge (SG) configuration originally proposed by Rendler and 
Vigness in 1966 [7], which has then become the default strain mea-
surement method in the ASTM standard. Traditional strain-gauge-based 
measurements offer high sensitivity and are mature in terms of in-
strumentation and interpretation. However, it is important to note 
that they involve a significant setup time and cost, and are somewhat 
dependent on operator skill, which can make them impractical when 
a large number of tests are required. Optical methods such as Elec-
tronic Speckle Pattern Interferometry (ESPI) [8–10] and Digital Image 
Correlation (DIC) have gained traction due to their ability to acquire 
full-field displacement maps over the specimen surface. While ESPI 
offers exceptional sensitivity [11] via coherent light interference, its use 
outside research laboratories is limited by its requirements in terms of 
vibration isolation. On the other hand, DIC, either in a 2D [12–15] or 
a 3D [16–18] setup, by leveraging optical texture and image tracking 
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algorithms, provides a generally more robust approach for industrial 
measurements, although at the cost of a reduced sensitivity [19].

Initial DIC implementations were often restricted to uniform stress 
analyses due to resolution constraints [12,13]. These studies provided 
critical validation against classical strain-gauge measurements. How-
ever, subsequent advancements in hardware and software have enabled 
application of the integral method within the DIC framework [14,20,
21]

1.2. Contributions and related work

The ASTM E837 standard currently incorporates all the advance-
ments introduced over the years through the work of Schajer. In 
particular, it provides calibration functions for constructing the sen-
sitivity matrices corresponding to specimens of varying thicknesses 
and different types of strain gauge rosettes, for any drilling step se-
quence [22]. Additionally, the user is equipped with a method for 
rationally applying Tikhonov regularization, aimed at mitigating the 
high sensitivity of the inverse problem to measurement errors in the 
recorded strains [23].

When alternative full-field measurement methods are employed, 
a straightforward approach consists in using virtual strain gauges to 
extract the three strain values that would have been obtained with 
a physical strain gauge rosette, thereby enabling the application of 
the classical inversion algorithm [24]. However, it is evident that this 
approach is not advantageous when using DIC: the accuracy of the 
measured strain values is at least an order of magnitude lower than 
that of conventional strain gauges, and this reduced precision will be 
proportionally reflected – given the linear nature of the problem – in 
the identification of residual stresses, which is already a challenging 
task even with strain gauges.

When choosing to utilize the full displacement field for the inversion 
of the problem, two main approaches emerge. The first one stems by the 
work of Schajer and Steinzig on ESPI [9] and was later adapted to DIC 
by Schajer et al. [21,25]. It involves a two-step process: displacement 
fields are first independently identified using standard DIC algorithms 
(usually exploiting the correlation of many small local subsets ex-
tracted from the recorded images, although also global methods can 
be exploited), and subsequently integrated over appropriate domains 
so as to conform to the same formalism used for strain gauges. Very 
interestingly, this approach also enables the automatic compensation 
of certain measurement artifacts associated with the employed full-field 
techniques. This approach, with suitably adapted calibration functions, 
enables continued adherence to the ASTM standard, and it stands 
out for its ease of use, particularly in cases where the residual stress 
analyst prefers to employ external, native software tools to identify 
displacement fields from the captured images. On the other hand, this 
approach requires the consecutive and sequential resolution of two 
inverse problems. As demonstrated in [26,27], it is often advantageous 
in inverse problems to perform a single, unified inversion controlled 
by a single regularization parameter, whose bias is both well-defined 
and accessible to the user. Otherwise, biases introduced during the 
first inversion step – such as in the estimation of displacements that 
maximize image correlation – may propagate into the subsequent stress 
identification process in a manner that is not analytically quantifiable 
and that may negatively affects results, as shown in [18].

The second approach was proposed by Baldi in 2019 [14] and dif-
fers from the aforementioned method precisely in this respect: it solves 
a single inverse problem that directly identifies the residual stresses in the 
material from the captured images. More specifically, by leveraging the 
known calibration functions that relate the relaxed residual stresses – 
induced by the introduction of the hole – to the resulting displacement 
fields, this method formulates an optimization problem. The objective 
is to find the residual stress distribution that maximizes the correlation 
between the undeformed reference image and the deformed images 
acquired at incremental drilling steps.
2 
In doing so, the correlation is performed simultaneously for all 
pixels within the domain of interest and across all stored images, which 
formally classifies this algorithm among the global DIC methods. In this 
work, we draw inspiration from this second approach, demonstrating 
that it can yield results comparable to those obtained using strain 
gauge rosettes, while maintaining a rigorous approach to problem 
regularization—and, in fact, enabling the potential introduction of 
spatial super-resolution along the depth direction.

Tikhonov regularization must be complemented by a rational crite-
rion for selecting the appropriate level of regularization. For example, 
the ASTM standard recommends the use of Morozov’s discrepancy 
principle [28], which requires knowledge of the random measurement 
error. To this end, the standard also provides an algorithm for esti-
mating this error directly from strain gauge data. Such an algorithm is 
currently lacking for the direct inversion of the hole-drilling problem 
using DIC.

An interesting feature of the integral method using strain gauge 
rosettes is that the sparsity of the data inherently constrains the maxi-
mum number of degrees of freedom in the stress basis used to represent 
the solution to the number of drilling steps. Specifically, the method 
yields three strain values per step, resulting in a total of 3𝑛 measured 
values for 𝑛 drilling increments. This, in turn, limits the number of 
stress coefficients that can be identified to at most 3𝑛 – that is, 𝑛
coefficients for each stress component – unless additional physical 
constraints are introduced. In practice, using more stress coefficients 
than strain measurements results in an under-determined system—
intuitively, a short and wide rectangular matrix. Although this may 
appear to be an intrinsic limitation of the integral method, it is not. In 
contrast, the vast amount of data obtained through full-field methods 
renders the system highly over-determined, even when the number of 
stress coefficients exceeds the number of drilling steps.

The main contributions of this paper are outlined as follows:

1. We present a global DIC algorithm using an Eulerian approach 
(in contrast with the Lagrangian one used in [14]) based on a
single annular subset of pixels, formulating an optimization prob-
lem to determine the stress values that simultaneously minimize
the discrepancy between multiple simulated and experimental 
images.

2. We show that the application of the Morozov discrepancy prin-
ciple to the inversion of the hole-drilling problem using DIC – as 
suggested in [14] – is not straightforward, being both unclear 
and challenging. This is primarily due to the large residuals 
caused by drilling by-products that fall within the field of view, 
which far exceed the measurement noise associated with the 
intensity of individual pixels. In other words, the structure of the 
error is fundamentally different from that of electrical noise in 
strain gauge measurements. Instead, we adopt from the inverse 
problem literature the concept of the L-curve [29], which en-
ables a rational selection of the regularization parameter without 
requiring prior knowledge of the error level present in the data.

3. We show that, in theory, it is possible to measure the entire 
distribution of non-uniform residual stresses – with a fairly 
arbitrary number of degrees of freedom – from a single drilling 
increment, provided that the corresponding measurements are 
sufficiently accurate. We also demonstrate that, although the 
required level of accuracy currently exceeds the capabilities of 
the state of the art, it is already feasible to achieve a super-
resolution of at least a factor of two, yielding appreciable results 
and a significant reduction in testing time.

4. We complement the theoretical discussion with experimental 
validation, performed by applying a deep rolling treatment to an 
aluminum specimen and comparing the DIC results with those 
obtained from tests using strain gauge–based strain measure-
ments. We designed a measurement system mounted on a nu-
merically controlled machine, capable of alternating in an auto-
mated and highly repeatable manner between image acquisition 
with the camera and drilling of the subsequent increment.
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Fig. 1. Hole-drilling method: variables and geometrical quantities. (a) Here, ℎ denotes the physical depth of the drilled hole, corresponding to the total depth 
achieved at a given drilling increment, while 𝑧 indicates a spatial coordinate aligned with the specimen thickness and oriented according to the right-hand rule. 
(b) Reference system and variable definitions for the strain-gauge formalism. (c) Variable definitions for the DIC formalism.
2. Theory

2.1. Hole-drilling method

When a hole is drilled into a body made of a linear elastic mate-
rial and the induced deformations remain purely elastic, the system 
behaves linearly, allowing the application of Bueckner’s principle of 
superposition [30]. Under the assumption of plane stress, Schajer [3] 
introduced a computationally simpler analogue to the actual problem. 
The resulting displacement field from drilling can be modeled by ap-
plying boundary tractions, equal in magnitude but opposite in direction 
to the relaxed residual stresses, to the holed geometry. This alternate 
framework allows simulation of the produced displacement fields using 
standard finite element tools. The critical assumption is that, at each 
depth, the residual stress is homogeneous across the plane parallel 
to the surface (the 𝑥𝑦 plane in Fig.  1) over an area approximately 
matching the diameter 𝐷0 of the drilled hole.

If the residual stress field changes significantly with depth 𝑧, it can 
be described using a set of 𝑛 independent basis functions of the depth 
variable 𝑧, linearly combined to approximate one of the actual residual 
stress components 𝜎(𝑧). This approach presumes that the chosen basis 
spans the set of stress profiles relevant to the material in question. 
For example, the Power Series Method [4] is one such implementa-
tion, using polynomial terms where the unknowns correspond to the 
polynomial coefficients.

Alternatively, the well-established Integral Method splits the depth 
interval [0, ℎmax] into smaller segments [ℎ𝑖−1, ℎ𝑖] and associate each of 
them with an indicator function 𝜒[

ℎ𝑖−1 ,ℎ𝑖
](𝑧) that equals 1 inside the 

segment and 0 elsewhere. Hence, each residual stress component is 
assumed to be constant within each interval, and the unknowns are 
the stress levels 𝑠𝑖 in each zone: 

𝜎𝑥𝑥(𝑧) =
𝑛
∑

𝑖=1
𝑠𝑥𝑥,𝑖𝜒[

ℎ𝑖−1 ,ℎ𝑖
](𝑧) (1)

The same holds for the other components 𝜎𝑦𝑦 and 𝜎𝑥𝑦, having stress 
coefficients 𝑠𝑦𝑦 and 𝑠𝑥𝑦, respectively. In other works [31–33], linear 
splines have also been proposed to represent residual stresses.

Given the linearity of the problem, it is possible to separately 
evaluate the effect of the stress tensor acting within a specific depth 
segment – characterized by a triplet {𝑠𝑥𝑥,𝑖, 𝑠𝑦𝑦,𝑖, 𝑠𝑥𝑦,𝑖} – on the resulting 
displacement field generated around a hole of depth ℎ. Subsequently, 
the overall effect due to a generic distribution of residual stresses can 
be obtained through the linear superposition of the individual results.

The linearity of the problem has another important consequence. 
Due to the axial symmetry of the problem, the general solution can 
be expanded in a Fourier series, resulting in mutually independent 
3 
subproblems. Owing to the properties of the stress tensor, the applied 
tractions in the problem contain only a constant component and a 
component varying as 2𝜃; consequently, only these two corresponding 
Fourier components of the solution are nonzero. Therefore, in cylin-
drical coordinates, the displacement fields produced by a single basis 
function can be expressed in adimensional form as (see [25]): 
𝑢𝑟(𝑟, 𝜃, ℎ)

𝐷0
= 1

𝐸

[ 𝑠𝑥𝑥 + 𝑠𝑦𝑦
2

𝑎𝑟(𝑟, ℎ) +
( 𝑠𝑥𝑥 − 𝑠𝑦𝑦

2
cos (2𝜃) + 𝑠𝑥𝑦 sin (2𝜃)

)

𝑏𝑟(𝑟, ℎ)
]

𝑢𝜃(𝑟, 𝜃, ℎ)
𝐷0

= 1
𝐸

[( 𝑠𝑥𝑥 − 𝑠𝑦𝑦
2

sin (2𝜃) − 2𝑠𝑥𝑦 cos (2𝜃)
)

𝑏𝜃(𝑟, ℎ)
]

(2)

where 𝑎𝑟(𝑟, ℎ), 𝑏𝑟(𝑟, ℎ) and 𝑏𝜃(𝑟, ℎ) are the functional equivalents of 
calibration coefficients for the strain gauge formalism, which also 
depend on the material’s Poisson ratio and must be evaluated with 
finite-element (FE) analyses. In other words, these represent the exact 
solution corresponding to a single Fourier mode, which must then be 
expanded in the angular coordinate 𝜃. As such, they depend solely on 
the radial distance from the hole axis and on the hole depth. In the case 
of a blind hole, these solutions can only be determined through finite 
element analysis. In practice, for each basis function and each physical 
hole depth ℎ, we perform a FE simulation in which the basis function is 
applied as a traction on the hole walls, and the corresponding surface 
displacements are determined. The function 𝑎𝑟(𝑟, ℎ) corresponds to the 
radial displacements obtained under an equibiaxial (i.e., axisymmetric) 
loading, whereas the functions 𝑏𝑟(𝑟, ℎ) and 𝑏𝜃(𝑟, ℎ) correspond, respec-
tively, to the radial and circumferential displacements obtained under 
a pure shear loading. The use of the letters 𝑎 and 𝑏 is inspired to 
the conventional notation of the calibration constants 𝐴 and 𝐵 for 
the same two types of loading in the strain-gauge formalism [4]. The 
use of Fourier elements (such as SOLID272 in ANSYS) allows 𝑎𝑟(𝑟, ℎ), 
𝑏𝑟(𝑟, ℎ) and 𝑏𝜃(𝑟, ℎ) to be determined through 2D FE models, with high 
computational efficiency. Further details of the procedure are available 
in [34].

As noted in [14], Eq. (2) is also a highly memory-efficient strategy 
for storing the displacement fields as functions of the radial coordinate 
only, rather than at each pixel (typically numbering in the millions) of 
the camera sensor.

Eq. (2) can be expressed for every basis function employed to rep-
resent the residual stresses, each associated with the corresponding 
functions 𝑎𝑟(𝑟, ℎ), 𝑏𝑟(𝑟, ℎ) and 𝑏𝜃(𝑟, ℎ) in a manner analogous to the 
calibration coefficients in the integral method within the strain gauge 
formalism, where each stress coefficient is linked to its respective 
effect on the measured strain at a given depth ℎ. This complicates the 
compactness of the problem’s notation in the case of DIC, since each 
stress coefficient and each hole depth ℎ correspond not to three discrete 
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strain values measured on the strain gauge rosette, but rather to three 
scalar fields 𝑎𝑟(𝑟, ℎ), 𝑏𝑟(𝑟, ℎ) and 𝑏𝜃(𝑟, ℎ) that depend on the distance 𝑟
from the center of the hole.

In addition to these displacement fields, it is advisable – given 
their typically low intensity – to also model the presence of typi-
cal measurement artifacts associated with DIC, linearly superimposing 
them onto the physical displacements. In the case of DIC, the mag-
nitude of rigid-body motions resulting from imperfect repositioning 
of the camera along the optical axis after a drilling increment is 
often non-negligible for the purpose of residual stress identification. A 
comprehensive overview of typical DIC-related artifacts can be found 
in [25]. For example, as done in the present work, the expressions that 
models the displacement in the 𝑥 and 𝑦 directions in the 𝑗th recorded 
image, in accordance with Eq. (2), when superimposed with a rigid-
body translation 𝑡𝑥,𝑗 along 𝑥 and 𝑡𝑦,𝑗 along 𝑦 and with a rotation of the 
camera’s reference frame by 𝜔𝑗 , can be written as: 
𝑢𝑥(𝑟, 𝜃, ℎ) = 𝑡𝑥,𝑗 + 𝑢𝑟(𝑟, 𝜃, ℎ) cos (𝜃) −

[

𝑢𝜃(𝑟, 𝜃, ℎ) + 𝑟𝜔𝑗
]

sin (𝜃)

𝑢𝑦(𝑟, 𝜃, ℎ) = 𝑡𝑦,𝑗 + 𝑢𝑟(𝑟, 𝜃, ℎ) sin (𝜃) +
[

𝑢𝜃(𝑟, 𝜃, ℎ) + 𝑟𝜔𝑗
]

cos (𝜃)
(3)

As stated above, knowledge of the stress coefficients {𝑠𝑥𝑥,𝑖, 𝑠𝑦𝑦,𝑖, 𝑠𝑥𝑦,𝑖}
– together with those related to the measurement artifacts – allows 
the displacement field to be generated through linear superposition. In 
practice, this enables the assembly of a linear system of the form 
𝑨𝒔 = 𝒖 (4)

where 𝑨 is the system matrix containing the displacement responses 
(influence functions) associated with each stress basis function, 𝒔 is 
the vector that stacks the unknown stress coefficients {𝑠𝑥𝑥,𝑖, 𝑠𝑦𝑦,𝑖, 𝑠𝑥𝑦,𝑖}
and the artifact coefficients for the 𝑗th image {𝑡𝑥,𝑗 , 𝑡𝑦,𝑗 , 𝜔𝑗}, and 𝒖 is a 
stacking of all measured displacements at various spatial positions and 
hole depth.

2.2. Digital image correlation

DIC is a non-contact optical method widely employed for measuring 
full-field displacement and strain on the surface of materials. Since 
its emergence in the 1980s [35–37], DIC has evolved into a powerful 
tool for experimental mechanics, enabling the analysis of mechanical 
behavior under static, dynamic, and thermomechanical loading condi-
tions. The reader is referred to the textbook of Schreier et al. [19] for 
a comprehensive treatment of the method.

In its continuous formulation [38], DIC seeks a kinematic trans-
formation 𝜙(𝒙, 𝒖(𝒙)) = 𝒙 + 𝒖(𝒙) of any point 𝒙 within a region 𝛺 on 
the surface of a test specimen, represented by a displacement vector 
field 𝒖(𝒙). This is done by comparing grayscale digital images captured 
before and after deformation—denoted, respectively, as 𝑓 (𝒙) and 𝑔(𝒙). 
The main goal of DIC is to determine the transformation 𝜙(𝒙, 𝒖(𝒙)) that 
best satisfies the equation of gray level conservation: 
𝑟(𝒙, 𝒖(𝒙)) = 𝑓 (𝒙) − 𝑔◦𝜙(𝒙, 𝒖(𝒙)) = 0, ∀𝒙 ∈ 𝛺 (5)

where 𝑓 (𝒙) denotes the grayscale intensity at point 𝒙 in the reference 
image, while 𝑔◦𝜙(𝒙, 𝒖) represents the intensity in the deformed image 
at a location that has been changed by the kinematic transformation 
𝜙(𝒙, 𝒖(𝒙)). See Fig.  2 for an example of reference and deformed images.

Eq. (5) is a classical inverse problem, in which the forward operator
–describing how an image is deformed by a given displacement field – is 
analytically known, and the objective is to reconstruct the displacement 
field itself from a pair of images. As in the case of residual stress 
identification, it becomes necessary to approximate the displacement 
field in a finite-dimensional space, i.e., by expressing it as a linear 
combination of various basis functions.

From this formulation, several approaches emerge. In the case of 
subset-based methods, displacements are represented as a linear com-
bination of low-order polynomials defined over small image patches 
(subsets), and the inverse problem is solved independently within each 
subset. Crucially, no continuity is enforced across the boundaries of 
4 
adjacent subsets, which simplifies computation but may introduce dis-
continuities in the reconstructed field. In the case of global methods, 
the displacement fields are expressed – analogously to finite element 
formulations – as a function of a finite set of nodal displacements, 
which in turn generate the entire field through the shape functions as-
sociated with the chosen elements. This formulation inherently enforces 
continuity across the entire domain. As a result, similar to a mechanical 
finite element model, the inverse problem must be solved globally in a 
single step, rather than on independent subsets. These two broad classes 
encompass the majority of algorithms implemented in DIC software 
for displacement fields identification. From the resulting displacement 
fields, Eq. (4) can then be solved, as done in the approaches performing 
a two-step inversion.

Actually, as shown in [12], Eq. (4) already provides a projection 
of the admissible displacement field onto a finite-dimensional basis 
indexed solely by the coefficients of the vector 𝒔. In other words, the 
displacement field is already available as a function of a finite number 
of stress and artifact coefficients, making it possible to directly solve 
Eq. (5) by assuming this specific parametric form for 𝜙(𝒙, 𝒖(𝒙)). In other 
words, Eq. (5) becomes: 

𝑟(𝒙, 𝒔) = 𝑓 (𝒙) − 𝑔◦𝜙(𝒙, 𝒔) = 0, ∀𝒙 ∈ 𝛺 (6)

which redefines the DIC problem as an optimization in terms of the 
stress and artifact coefficients 𝒔 only.

In fact, when 𝑛steps drilling steps are performed, one reference image 
and 𝑛steps deformed images are available; the displacement fields giving 
rise to the latter all depend on the same set of stress and artifact 
coefficients 𝒔. Therefore, the image correlation must be carried out 
simultaneously over the entire set of deformed images: 

𝑟𝑗 (𝒙, 𝒔) = 𝑓 (𝒙) − 𝑔𝑗◦𝜙𝑗 (𝒙, 𝒔) = 0, ∀𝒙 ∈ 𝛺, ∀𝑗 ∈ [1… 𝑛steps] (7)

At most, in principle, one could exploit the lower-triangular struc-
ture of the system arising from the application of the integral method—
as also proposed in [14]. However, this approach does not permit 
the application of Tikhonov regularization and will therefore not be 
considered in the present work.

Since the images 𝑓 and 𝑔𝑗 are available only as discrete samples 
at a finite number of pixels, Eq. (6) can be enforced only at a finite 
set of spatial positions 𝒙. Moreover, measurement noise, the presence 
of inadequately modeled artifacts, and the intrusion of drilling debris 
into the image field make the exact satisfaction of Eq. (6) impossible.

Consequently, the problem is solved in a least-squares sense over a 
finite set of spatial positions 𝒙𝑖 corresponding to the 𝑛pixels pixels of the 
camera sensor: 

𝒔† = argmin
𝒔

𝑛steps
∑

𝑗=1

𝑛pixels
∑

𝑖=1
𝑟𝑗 (𝒙𝑖, 𝒔)2

= argmin
𝒔

𝑛steps
∑

𝑗=1

‖

‖

‖

𝒓𝑗 (𝒔)
‖

‖

‖

2

= argmin
𝒔

‖𝒓(𝒔)‖2

= argmin
𝒔

𝛩(𝒔)

(8)

where we have naturally defined:

𝒓𝑗 (𝒔) ≜
[

𝑟𝑗 (𝒙1, 𝒔)… 𝑟𝑗 (𝒙𝑖, 𝒔)… 𝑟𝑗 (𝒙𝑛pixels , 𝒔)
]

(9)

𝒓(𝒔) ≜
[

𝒓1(𝒙1, 𝒔)… 𝒓𝑗 (𝒙𝑖, 𝒔)… 𝒓𝑛steps (𝒙𝑛pixels , 𝒔)
]

(10)

𝛩(𝒔) ≜ ‖𝒓(𝒔)‖2 (11)

In other words, 𝒓𝑗 (𝒔) is the vector of residuals computed over all pixels 
of image 𝑗, while 𝒓(𝒔) is a 𝑛steps × 𝑛pixels matrix obtained by stacking all 
the 𝒓𝑗 (𝒔) vectors along a new dimension of size 𝑛steps.

Eq. (7) would be commonly referred to as a Lagrangian formulation
of the DIC problem, since – by analogy with terminology from fluid 
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Fig. 2. Depiction of the global correlation problem for the hole-drilling method with DIC. One seeks the residual stress values that maximize the correlation 
between the reference and the deformed images, by knowing the displacement fields produced by the introduction of the hole in a stressed specimen. Given the 
natural expression of the domain in cylindrical coordinates (as in Eq. (2)), the DIC problem is solved over an annular region surrounding the hole.
dynamics – the domain is fixed on the reference image 𝑓 , and the new 
positions of the pixels from 𝑓 are sought in the deformed image 𝑔. Alter-
natively, Eq. (7) can be rewritten in the so-called Eulerian formulation, 
in which the relationship between the reference and deformed images 
is inverted: 

𝑟𝑗 (𝒙, 𝒔) = 𝑓◦𝜙−1
𝑗 (𝒙, 𝒔) − 𝑔𝑗 (𝒙) = 0, ∀𝒙 ∈ 𝛺, ∀𝑗 ∈ [1… 𝑛steps] (12)

where the inverse of the kinematic transformation 𝜙(𝒙, 𝒖(𝒙)) can simply 
be written as: 

𝜙−1(𝒙, 𝒖(𝒙)) = 𝒙 − 𝒖(𝒙) (13)

In the case of Eq. (13), we can define 𝜙(𝒙, 𝒔) as a stack of the individual 
transformations 𝜙𝑗 (𝒙, 𝒔) along a new dimension. Then, defining the 
residuals 𝑟𝑗 (𝒙, 𝒔) as in Eqs. (12), (8) still holds.

Even though the two formulations are essentially equivalent in prin-
ciple, the present work adopts the Eulerian approach, for computational 
convenience. In fact, to achieve subpixel accuracy – which is highly 
desirable given the small displacements involved in the hole-drilling 
method – all expressions involving 𝑔𝑗◦𝜙𝑗 (𝒙, 𝒔) require interpolation of 
the image 𝑔𝑗 at non-integer pixel locations; for 𝑛steps drilling steps, 𝑛steps
interpolating functions must be built. In contrast, within the Eulerian 
approach, only an interpolation of the reference image 𝑓 alone is 
needed, in which the original positions of the pixels belonging to the 
deformed images will subsequently be sought, all at the same time.

Eq. (8) defines a nonlinear optimization problem, which is solved 
iteratively until a local minimum is found. To this end, it is useful 
to report the analytical expression of the gradient of the objective 
functional 𝛩(𝑠) to be optimized: 
(𝑑𝛩
𝑑𝒔

)𝑇
= 2 𝒓(𝒔)𝑇 𝑑𝒓

𝑑𝒔
= 2 𝒓(𝒔)𝑇 𝑑𝒓

𝑑𝒖
𝑑𝒖
𝑑𝒔

= 2 𝒓(𝒔)𝑇 𝑑𝑓
𝑑𝒙

|

|

|𝒙=𝜙−1(𝒙,𝒔)

𝑑𝜙−1

𝑑𝒖
𝑑𝒖
𝑑𝒔

= −2 𝒓(𝒔)𝑇 𝑑𝑓
|

| 𝑨

(14)
𝑑𝒙 |𝒙=𝜙−1(𝒙,𝒔)

5 
since 𝑑𝜙−1𝑑𝒖 = −𝑰 and 𝑑𝒖𝑑𝒔 = 𝑨 from Eq. (4). Strictly speaking, in order 
to adhere to standard tensor multiplication conventions, the matrix 𝑨
must be arranged as a tensor of dimensions 𝑛pixels × 𝑛steps × 2 × 𝑛coeffs; 
that is, for each of the 𝑛coeffs coefficients describing the solution, 𝑨
contains, for each of the 𝑛steps deformed images and for each of the 
𝑛pixels pixels, the corresponding two displacement components in the 
𝑥 and 𝑦 directions; when multiplied by 𝒔 as in Eq. (4), it yields a 𝒖
displacement tensor having dimensions 𝑛pixels × 𝑛steps × 2. Analogously, 
𝒓(𝒔)𝑇  is a 𝑛pixels × 𝑛steps matrix, while 𝑑𝑓𝑑𝒙

|

|

|𝒙=𝜙−1(𝒙,𝒔)
 is a 𝑛pixels × 𝑛steps × 2

tensor. By following Einstein summation convention and contracting 
indexes having same dimensions, one correctly obtains1 a gradient 
(

𝑑𝛩
𝑑𝒔

)𝑇
 having dimensions 1 × 𝑛coeffs.

In other words, since the matrix 𝑨 – which encodes the linear rela-
tionship between the residual stress coefficients and the corresponding 
relaxed strains – is known by FE analyses, the gradient of the objective 
function only requires an interpolation of the reference image 𝑓 as it 
appears in the residuals 𝒓𝑗 and the interpolation of its spatial gradient, 
both evaluated at arbitrary non-integer pixel locations.

The optimization of Eq.  (8) is iteratively performed using the clas-
sical Gauss–Newton method [38], which entails carrying out the itera-
tions of Newton’s method: 
𝒔𝑛+1 = 𝒔𝑛 −𝑯−1

𝒔 (𝛩)𝑑𝛩
𝑑𝒔

(15)

while approximating the Hessian 𝑯𝒔 of 𝛩(𝒔) with respect to 𝒔 as 
follows: 
𝑯𝒔(𝛩) = 2

(

𝑑𝒓
𝑑𝒔

𝑇 𝑑𝒓
𝑑𝒔

+𝑯𝒔(𝒓) 𝒓(𝒔)
)

≈ 2
(

𝑑𝒓
𝑑𝒔

𝑇 𝑑𝒓
𝑑𝒔

)

(16)

where the approximation becomes increasingly accurate as the compu-
tation is performed closer to an exact fit point, that is, as ‖𝒓(𝒔)‖ → 0. 
The term 𝑑𝒓𝑑𝒔

𝑇  in Eq. (16) is a slight abuse of notation, being it actually 
three-dimensional; it can be easily expanded as in Eq. (14) to eventually 
obtain a 𝑛coeffs × 𝑛coeffs Hessian matrix.

1 For memory access efficiency, it is in fact more convenient to compute 
the gradient 𝑑𝛩∕𝑑𝒔 by transposing Eq. (14).
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Eventually, the proposed Eulerian approach requires only an in-
terpolation over a continuous domain of the reference image, which 
is necessary to evaluate 𝒓(𝒔), and its gradients, which are needed 
to compute 𝑑𝒓

𝑑𝒔 . These interpolations are defined once and for all at 
the beginning of the problem and are merely evaluated at different 
locations for each iteration step. By computing the coefficients of those 
interpolators once prior to the optimization process, no further image 
processing is required during the iterative solution, thereby signifi-
cantly improving computational efficiency. Additionally, we believe 
there is another advantage behind this choice: the reference image is 
considerably cleaner than the deformed images, which are affected by 
drilling debris and paint scratches. These artifacts introduce more noise 
into the image interpolation process and – most importantly – into the 
corresponding gradients. By contrast, the tensor 𝑨 remains constant 
once the stress basis, the drilling depths, and the pixel grid of the 
camera sensor have been specified.

2.3. Tikhonov regularization and the L-curve criterion

In the formulation defined by ASTM E837 [2], second-order
Tikhonov regularization is employed as a means to reduce the sen-
sitivity of the solution to noise in the input data, at the expense of 
introducing a smoothness bias in the solution. Specifically, instead of 
solving the classical least-squares problem (like Eq. (8)), it adds to the 
residual norm a penalty term based on the norm of the second deriva-
tive of the solution, thereby favoring smoother solutions for a given 
residual magnitude. A thorough analysis of Tikhonov regularization in 
the hole-drilling method can be found in [26,27].

Formally, let 𝑪 denote the matrix associated with the linear opera-
tor that estimates the second derivative 𝑪𝒔 of the residual stress distri-
bution using finite differences (as explained in [26]), built by excluding 
artifact coefficients from the computation. Then, by directly applying 
the definition of Tikhonov regularization, an alternative optimization 
problem is defined: 
𝒔†𝛼 = argmin

𝒔

[

𝛩(𝒔) + 𝛼 ‖𝑪𝒔‖2
]

≜ argmin
𝒔

𝛩𝛼(𝒔) (17)

where 𝛼 is the so-called regularization parameter of the inverse problem. 
For very small values of 𝛼, the solution closely approximates the 
classical least-squares solution; conversely, for large values of 𝛼, the 
minimization of the penalty functional dominates the objective, often 
resulting in unacceptably large residuals. The gradient of 𝛩𝛼(𝒔) with 
respect to 𝒔 can be readily computed: 
(

𝑑𝛩𝛼
𝑑𝒔

)𝑇
= −2 𝒓(𝒔)𝑇 𝑑𝑓

𝑑𝒙
|

|

|𝒙=𝜙(𝒙,𝒔)
𝑨 + 2𝛼 𝒔𝑇𝑪𝑇𝑪 (18)

and also the corresponding approximated Hessian easily follows from 
Eq. (18).

Tikhonov regularization must therefore be complemented by a prin-
cipled criterion for selecting the regularization parameter 𝛼. One such 
criterion is the so-called Morozov discrepancy principle, originally 
introduced in [28] and thoroughly analyzed in [26,27] with regard 
to its application to residual stress measurements. Assuming that the 
standard deviation of the error affecting each individual measurement 
point is known, the Morozov discrepancy principle relies on the statis-
tical consideration that it is highly unlikely for the residual to vanish 
exactly in the presence of measurement noise. Instead, the principle 
prescribes increasing the regularization parameter 𝛼 until the squared 
norm of the residuals matches its expected value—namely, the mean of 
a chi-squared distribution with degrees of freedom equal to the number 
of measurement points.

The Morozov discrepancy principle exhibits favorable mathematical 
properties [39], provided that the random measurement error is ac-
curately known and that it represents the dominant contribution to the 
discrepancy between the measured images and the ones modeled from 
the reference image. We will show that this is not typically the case for 
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Fig. 3. A typical trend of an L-curve in the regularization of an inverse 
problem is observed. For low values of 𝛼, the solution yields very small 
residuals; however, its high sensitivity to measurement errors results in highly 
oscillatory solutions, characterized by large values of the norm approximating 
the second derivative of the solution. Conversely, for high values of 𝛼, the 
solution primarily favors the minimization of the penalty functional, at the 
expense of the residuals, which consequently increase. Both of these extremes 
are likely to deviate significantly from the ‘‘true’’ solution of the problem. The 
corner of the curve, identified as the point farthest from the line connecting 
the two endpoints, is used as a heuristic criterion for selecting the value of 𝛼.

the hole-drilling method when using DIC to measure the displacement 
fields.

Alternatively, we propose a criterion for the selection of the regular-
ization parameter 𝛼, known as the L-curve criterion. This approach was 
first introduced by Lawson and Hanson [40], and later popularized by 
Hansen in the 1990s [29,41,42].

Looking at the structure of Eq. (17), we can identify two key 
components: the functional 𝛩(𝒔), which measures the DIC residuals, 
and a regularization term ‖𝑪𝒔‖2 that penalizes the second derivative 
of the residual stress distribution. When 𝛼 becomes very large, the 
optimization prioritizes smoothness, leading to high residuals but a 
small penalty term. On the other hand, when 𝛼 is very small, the 
residuals become small, but the solution may become noisy due to lack 
of regularization [43].

If we plot 
√

𝛩 against ‖𝑪𝒔‖ for a range of 𝛼 values, the resulting 
curve typically takes the shape of an L (see Fig.  3). This L-curve 
provides a visual and practical way to choose an appropriate 𝛼: the 
optimal value is usually found near the corner of the L, where a good 
balance is struck between minimizing the residuals and keeping the 
solution smooth. To identify this corner, one simply searches for the 
point of maximum curvature along the parametric curve. Before doing 
so, a log–log transformation is applied to the plane to ensure the 
method is independent of the axes’ scaling.

Since computing the curvature requires evaluating the first and 
second derivatives of the L-curve with respect to 𝛼, and given that this 
calculation is highly sensitive to the unavoidable convergence toler-
ances in the optimization of Eq. (17), its explicit computation is rather 
delicate and necessitates careful tuning of the numerical parameters 
involved.

As an alternative, we propose a more expedient method for identi-
fying the corner of the L-curve. We connect the first and last points of 
the L-curve with a straight line and identify the corner as the point on 
the curve that maximizes the distance from this line (see Fig.  3), which 
can be easily computed analytically. Very interestingly, we prove in 
Appendix that this method yields results invariant to the scaling of the 
Cartesian axes on which the L-curve is defined, a property particularly 
useful to ignore the units in which the residual norm and the Tikhonov 
regularization penalty term are expressed.
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2.4. Algorithm details

In this section, we summarize the operational details of the entire 
solution algorithm.

1. We capture a single reference image, shot as soon as the drill bit 
scratches the specimen surface, and we use it to get an estimate 
of the hole center location through a Hough transform [44], 
implemented in the OpenCV library [45]. As proven in [33], 
the least squares problem of the hole-drilling method exhibits 
zero first-order (in Taylor’s sense) sensitivity with respect to hole 
eccentricity when displacement fields are measured on domains 
symmetric about the 𝑥 and 𝑦 axes, as in DIC; hence, the accuracy 
of this identification is not critical.

2. We select the number of calculation steps for the integral method,
which, unless otherwise specified, corresponds to the number of 
drilling steps. We select the pixels from the deformed images 
that lie between a minimum and maximum radial coordinate, 
expressed as multiples of the hole radius; this defines an annular 
region in which the DIC analysis is conducted, as illustrated 
in Fig.  2. In the present work, after some preliminary trials, 
we select pixels between 1.1 and 2.1 times the hole radius. 
For each basis function and for each hole depth, we solve the 
corresponding finite element problem and store the resulting 
functions 𝑎𝑟(𝑟), 𝑏𝑟(𝑟), and 𝑏𝜃(𝑟). In our case, leveraging a finite 
element analysis database described in [34], the three solu-
tions are rapidly reconstructed by linearly superimposing the 
solutions corresponding to residual stresses modeled as Dirac 
delta functions acting at given depths. This step is therefore 
performed without the need to solve a FE model anew, and leads 
to a complete knowledge of 𝒖(𝒔), including also the rigid-body 
motions as in Eq. (3).

3. We build a bicubic interpolation of the reference image 𝑓
through a cubic convolution algorithm [46], storing coefficients 
in order to rapidly evaluate both pixel values at non-integer 
locations and the corresponding gradients.

4. We iteratively solve the optimization problem defined by Eq. 
(17) with a Gauss–Newton algorithm, starting from a null initial 
stress distribution and explicitly providing the gradients of the 
target functional through Eq. (18). Since the latter involves 
multiplying matrices with dimensions on the order of millions 
of elements (corresponding to the pixels), we store the relevant 
data on an NVIDIA RTX 4090 GPU and parallelize the computa-
tion, achieving substantial computational gains; for the analyses 
presented in this work, the use of this GPU allows the entire 
procedure – from images to residual stresses – to be completed in 
less than one minute, compared with approximately ten minutes 
on a CPU. We stop when a given relative convergence tolerance 
has been exceeded; for the analyses in the present work, a value 
of 10−4 has been selected.

5. When the use of the L-curve criterion is required, we solve Eq. 
(17) over a range of 𝛼 values between 10−6 and 106, using as the 
initial guess for each inverse problem the solution obtained for 
the previous 𝛼, to the benefit of the number of iterations needed 
to achieve convergence. Eventually, we identify the corner of the 
L-curve and find the corresponding 𝛼, which is used to retrieve 
the related stress solution.

2.5. More DOFs than drilling steps

Let us consider Eq. (2), computed for two different integration 
intervals of the integral method but at the same depth ℎ, for example, 
the maximum depth in a given experiment. The shape of the resulting 
displacements remains exactly the same – due to the properties of the 
Fourier series expansion – but the three functions 𝑎𝑟(𝑟, ℎ), 𝑏𝑟(𝑟, ℎ) and 
𝑏 (𝑟, ℎ) change. This mathematical detail has a clear physical analogy, 
𝜃
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also noted by Schajer in [21]: residual stresses near the surface tend 
to produce displacements localized at the edge of the hole, whereas 
stresses originally located deeper manifest their effects at larger radial 
coordinates.

Although it is evident that the three functions exhibit at least a 
comparable trend along the depth, it is equally clear that their lack 
of exact collinearity, in principle, allows for a decomposition of the 
displacement field measured in a single image along these components, 
each corresponding to a stress coefficient. In other words, full-field 
methods allow overcoming one of the longest-standing limitations of 
the hole-drilling method—i.e., that the number of calculation points 
cannot exceed the number of drilling steps. Provided that the mea-
surement accuracy is sufficient to resolve components that are nearly 
collinear, it would, in principle, be possible to identify a residual stress 
distribution with an arbitrary number of degrees of freedom from a 
single hole.

As repeatedly noted in [26,27], such an approach is certainly dis-
advantageous for measurement quality, since data redundancy always 
improves the solution accuracy in inverse problems like this. Regard-
less, it is clear that practical measurements – especially in industrial 
settings – inevitably involve a trade-off between result quality and the 
time required to obtain it. In many contexts, there may be a strong 
incentive to reduce the duration of a single hole-drilling test. Therefore, 
it is particularly motivating to set this benchmark as a sensitivity target 
for the method, at which point the hole-drilling technique will have 
likely reached an insurmountable limit in execution speed: using a 
single reference image and a single deformed image to identify the 
entire residual stress distribution.

Through our experimental validation, we will subsequently take 
stock of the current situation, aiming to understand how far we are 
from achieving this objective.

3. Experimental methods

3.1. Deep-rolled specimens

In this research, a residual stress distribution was introduced in 
a plate of aluminum 7075-T6. This alloy was intentionally chosen to 
reduce drilling effort and to allow for minor irregularities in the hole 
shape. As well known, aluminum alloys have a lower Young’s modulus 
compared to steel or other commonly used metal alloys. Additionally, 
this alloy exhibits a high yield stress, allowing for the development of 
significant residual stresses, and its tensile response is notably linear 
within the elastic region. These factors mean that displacements – 
captured by the DIC camera – are expected to be relatively large, 
making it well-suited for introducing residual stresses and ensuring 
accurate measurement.

The deep rolling treatment was applied to a long bar-shaped plate. 
The features of this specimen have been previously described in [47–
51]. The plate’s length and shape were specifically designed for a cus-
tom test bench that enables the application and removal of a bending 
load at each drilling step (see Fig.  4).

This test bench was designed for use with hole-drilling and a strain 
gauge rosette, enabling decoupling of the relaxed strains due to residual 
stresses from those caused by bending stresses. The availability of this 
setup was strategic for systematic validation of the hole-drilling method 
using a strain gauge rosette, which serves here as a reference for 
evaluating HDM-DIC stress distributions. As shown in Fig.  5, the central 
region of the plate was deep rolled. The treatment was similar to that 
described in [52], where the goal was to introduce compressive residual 
stresses for improving fatigue strength, particularly against fretting 
fatigue [53]. In the present study, the aim was to create a meaningful 
stress distribution with a steep gradient near the subsurface, which is 
not equi-biaxial. The deep rolling tool is a conical, rounded carbide 
roller pressed against the surface—applicable via a turning machine or 
machining center. The tool is equipped with a small load cell and a 
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Fig. 4. Test bench used for validated residual stress identification via the 
application of a known bending stress distribution.

Fig. 5. (a) Nomenclature used in the deep rolling process; (b) Photo of the 
tool in action on the aluminum specimen.

force indicator. The desired force was achieved by controlling the tool-
holder displacement and using disk springs to introduce compliance, 
thereby ensuring consistent normal force 𝐹𝑁 .

The indenter makes edge contact with the surface – rather than 
line contact – encouraging localized plasticity while requiring lower 
force, which is advantageous for machining centers. Each roller path 
was linear; after each pass, the tool was lifted and repositioned with 
an offset, known as the feed length 𝑓 . Thus, the two parameters 
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defining treatment intensity are the normal force 𝐹𝑁  and the feed 𝑓 . 
Consistently with previous works [52,53], the parameters were set to 
𝐹𝑁 = 150N and 𝑓 = 0.1mm, resulting in a typical deep rolling residual 
stress distribution, similar to that of large-shot peening [54,55]. Deep 
rolling also produces slightly deeper affected layers and superior sur-
face finish. Notably, the resulting stress state is non-equibiaxial: the 
compressive stresses along the feed direction exceed those along the 
rolling direction—an advantage for the evaluation of residual stress 
identification methods.

3.2. Traditional strain gauge measurements

To compare HDM-DIC measurements with established methods, 
residual stress evaluation was performed using a strain gauge rosette 
on the deep-rolled specimen mounted in the test bench. The test bench 
features a pneumatic actuator capable of applying and removing a 
known bending load without disassembling any components. Bending 
stress identification was based on two sets of measurements—taken in 
loaded and unloaded conditions. Hole-drilling was carried out in both 
states, and relaxed strain data were recorded for each step.

Assuming linear elasticity, the difference between the loaded and 
unloaded measurements isolates the applied bending stress, while the 
unloaded-state data correspond to the residual stresses in the specimen. 
Thus, the residual stresses are obtained directly from the unloaded 
configuration, and the bending-induced stress distribution is inferred 
from the differences.

This method enables simultaneous measurement of both residual and 
bending-induced relaxed strains using the same experimental setup. 
Shared error sources – such as hole eccentricity, surface irregularities, 
incorrect zero-depth identification, or inaccurate gauge factors – affect 
both measurements equally. If systematic errors are absent and random 
errors are controlled, the identified bending stress distribution should 
reliably represent the applied load within a reasonable confidence 
interval.

An HBM RY61K strain rosette was used. The hole was drilled with 
a 1.8mm inverted cone bit using a SINT Technology Restan system 
powered by an air turbine at over 300,000 rpm. Drilling reached a maxi-
mum depth of 1.3mm in 130 increments of 0.01mm. This highly refined 
drilling scheme was deliberately chosen to maximize the measurement 
quality (as described in [26,27]), at the expense of the test duration.

After drilling, hole diameter and eccentricity were measured with 
an optical microscope (integrated into the Restan system); a 1.96 mm 
hole with negligible eccentricity was detected. Stress distributions were 
computed using calibration coefficients from [31,32,56], with a linear 
splines stress basis, and with Tikhonov regularization [26] comple-
mented by the Morozov discrepancy principle [27], in line with ASTM 
E837 best practices.

3.3. DIC setup for hole-drilling

The hole-drilling method performed with strain gauges requires a 
well-calibrated incremental drilling process tailored to the expected 
stress gradient, even when regularization is applied. Similarly, HDM-
DIC requires incremental drilling, although images contain millions 
of sensors (pixels). Crucially, this approach demands highly accurate 
repositioning of both the camera and spindle after each increment.

One solution is to use dedicated experimental rigs [24,57,58]. Al-
ternatively, as adopted here, a computerized numerical control (CNC) 
machine tool offers high positioning accuracy through its Cartesian 
motion system. A machining center is ideal: it uses only three transla-
tional axes and can drill holes and reposition the camera automatically. 
Positioning repeatability was estimated at a few microns—suitable for 
this application.

As shown in Fig.  6, both the drill bit and the camera were mounted 
on the CNC machine. A rigid frame was attached to the stator part of 
the spindle – movable along X, Y, Z, but non-rotating – on which the 
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Fig. 6. (a) Camera and drill setup on CNC machine; (b) Drill bit aligned for a drilling step; (c) Camera aligned to capture post-drilling displacement field.
Fig. 7. (a) Specimen surface before drilling; (b) Surface after initial contact, showing central point of the hole; (c) Subsequent images at increasing depths.
camera was fixed. This ensured a consistent distance vector between the 
camera and tool tip. After each drill increment, the tool moved away 
and the camera returned to its exact position. The workspace offered 
consistent lighting conditions although it was relatively dark, so a ring 
light was added at the lens tip for uniform illumination.

The acquisition sequence is shown in Fig.  7. Defining the Z-axis zero 
position relative to the plate surface is critical [50]. A rough alignment 
was first made with 𝑍 > 0. The camera was positioned to focus on 
the hole area. Initially, no surface marks were visible (Fig.  7a). The bit 
was then rotated and lowered incrementally (in 10 μm steps), with the 
camera checking for contact after each step. As the first signs of contact 
appeared, that depth was set as zero (Fig.  7b). The drill bit’s central 
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recess allowed us to observe an undamaged central area, confirming 
minimal material removal.

Once the zero was set, drilling proceeded in 0.1mm steps, with 
images captured at each increment (Fig.  7c), up to a nominal depth 
of 1.0mm. Final hole depth was measured at 0.987mm using a coordi-
nate measuring machine (Zeiss Calypso), and diameter was 2.015mm, 
slightly larger than the nominal 2.000mm. These small deviations had 
negligible effects, though they were accounted for in the calculations.

In the post-processing phase, we took the reference image and 
identify the center and radius (in pixels) of the hole using a Hough 
Transform, natively implemented in the OpenCV library [45]. Sub-
sequently, we processed all images and selected only the pixels with 
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Fig. 8. (a) Bending stress distributions identified with the strain rosette on the test bench (solid lines) compared with the actually applied stresses (dashed lines). 
The identified stresses correspond very closely to the applied ones, providing evidence of a proper experimental setup. (b) Residual stress distributions identified 
by means of the same strain gauge rosette.
radial coordinates between 1.1 and 2.1 times the hole radius, in order to 
capture the largest intensity displacements caused by the introduction 
of the hole [59].

4. Results and discussion

4.1. Classic strain rosette measurements

The test bench was first employed to validate the residual stress 
measurement performed using the classical hole-drilling method for-
malism based on the strain gauge rosette. In Fig.  8a, the identified 
bending stress induced by the external actuator is shown alongside 
the corresponding applied values; the two are in agreement apart from 
the typical uncertainties of the hole-drilling method. In particular, the 
usual surface biases due to imperfect identification of the zero-depth 
reference point [50] are absent, and the trends are captured with very 
high accuracy.

Using the data obtained from the same physical hole – but corre-
sponding to the absence of the externally applied load – we obtain 
the distribution of residual stresses actually present on the specimen 
surface. The results are shown in Fig.  8b. Some characteristic features 
of the residual stresses induced by deep rolling treatments can be 
observed [52], namely, that they are compressive but with a greater 
magnitude in the feed direction of the tool and a smaller magnitude 
in the rolling direction. The residual stresses are confined in depth and 
decay almost completely at approximately 0.4 mm below the specimen 
surface, beyond which they are essentially negligible.

4.2. DIC measurements

Using the setup on the CNC machine described in Section 3, the 
identification of the residual stresses was repeated with the proposed 
DIC algorithm based on the images acquired before and after each 
drilling step. In an initial solution of the problem without introduc-
ing Tikhonov regularization, it becomes evident that direct inversion 
leads to highly noisy results (see, for example, the lower levels of 
regularization in Fig.  10).

The L-curve method is therefore employed to select an appropriate 
level of regularization; indeed, Fig.  9b shows the L-curve obtained for 
the problem under analysis. It is particularly informative to conduct a 
visual comparison among several solutions sampled around the corner 
of the L-curve, which is used as the criterion for selecting a regular-
ization level deemed optimal. Also in Fig.  9b, the points of the L-curve 
corresponding to a logarithmic range of 𝛼 values between 0.001 and 
100 are reported. In Fig.  10, the corresponding solutions are presented 
and compared with the measurement obtained from the strain gauges.
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There exists a range of 𝛼 values, approximately between 0.1 and 
1, for which the solutions obtained with the strain gauge rosette 
and with DIC are particularly comparable. This observation is quan-
titatively verified in Fig.  9a, where the root mean square (RMS) 
difference between the two solutions at the DIC calculation points, 
i.e., 

√

1
𝑛
∑𝑛

𝑖=1
(

𝜎𝐷𝐼𝐶 (𝑧𝑖) − 𝜎𝑆𝐺(𝑧𝑖)
)2, is plotted as a function of 𝛼. While 

the L-curve corner criterion yields an optimal 𝛼L of 0.24, the 𝛼opt that 
actually minimizes this difference is equal to 0.33. The rather limited 
discrepancies between the two corresponding solutions are shown in 
Fig.  11, demonstrating a region of relative numerical stability where 
the solution is not highly sensitive to the specific value of 𝛼.

To demonstrate the generality of the proposed approach, which 
is agnostic with respect to the chosen stress basis, we repeat the 
residual stress calculation from scratch using DIC with different stress 
bases. In Fig.  12a, the residual stresses identified using a piece-wise 
constant function basis (i.e., that of the integral method) are presented, 
while Fig.  12b shows the corresponding solution obtained with a basis 
composed of fourth-order polynomials, a method known as the Power 
series method.

4.3. On the Morozov discrepancy principle

The behavior of the residuals as a function of 𝛼, as observed in Fig. 
9b, allows us to further elaborate on why the Morozov discrepancy 
principle cannot be successfully applied in this case to determine an 
appropriate level of regularization, as is commonly done with strain 
gauges and as prescribed in ASTM E837. The Morozov discrepancy 
principle requires, as input, an estimate of the measurement error as-
sociated with the data used to infer the residual stresses. In fact, within 
the tested range of 𝛼 values – which spans from an under-regularized 
solution to one that is clearly over-regularized (see Fig.  10) – the value 
of the residuals changes by an amount negligible compared to the 
precision with which this error could be experimentally estimated a 
priori.

The reason for this lies in the physical nature of what actually 
generates the observed residual values, which are, in effect, the re-
maining misfit between the deformed images reconstructed from the 
reference image – using the identified displacement fields – and the 
deformed images captured experimentally. For example, see Fig.  13 
for the displacement fields identified in this experimental validation 
(with rigid-body motion artifacts removed), and Fig.  14 for the pixel-
wise residuals computed over all pixels where the correlation was 
performed.

It can be observed that the residuals are concentrated in a small 
fraction of pixels where the intensity differences are particularly high 
(the pixel intensity is expressed in 8-bit unsigned integers, i.e., ranging 
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Fig. 9. (a) RMS difference between the solution obtained with the strain gauge and the DIC solution as a function of the regularization parameter 𝛼; the L-curve 
criterion selects a value of 𝛼 very close to the minimum of this difference. This is interpreted positively, under the assumption that the measurement performed 
with the strain gauges represents a state-of-the-art reference. (b) Plot of the L-curve for the experimental case under examination. Several values of 𝛼 and their 
corresponding points on the L-curve are reported. Additionally, the point 𝛼L = 0.24 (which corresponds to the maximum distance from the line connecting the 
endpoints of the L-curve) and the theoretically optimal 𝛼opt = 0.33 are indicated.

Fig. 10. Solutions of the inverse problem corresponding to increasing values of the regularization parameter 𝛼. The titles of the subplots are color-coded according 
to the corresponding points in Fig.  9.
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Fig. 11. (a) Residual stresses identified using DIC (solid lines) and subsequently regularized so as to minimize the mean squared deviation from the results 
obtained with strain gauge rosettes (dashed lines). In a practical context (without validation by strain gauges), this level of regularization would be unknown 
and is therefore referred to as ‘‘oracle’’ regularization. (b) Residual stresses identified using DIC and regularized according to the L-curve criterion (solid lines), 
compared with the results obtained from strain gauge rosettes (dashed lines).
Fig. 12. Application of the proposed algorithm to other stress bases: (a) integral method, (b) power series method employing fourth-order polynomials.
from 0 to 255). These pixels are distributed in an apparently random 
manner and over a spatial scale much smaller than that on which 
the identified displacement fields vary, which exhibit a high degree 
of smoothness, in according with Saint Venant’s principle [60]. They 
primarily arise from machining debris – despite the area being blown 
with compressed air after each drilling step – and from local damage 
to small regions of the paint layer.

This means that an RMS residual of 9 in pixel intensity, as observed 
in the L-curve of Fig.  9, actually originates from a relatively small 
fraction of pixels where the residual is an order of magnitude higher. 
For these pixels, the overall residual is relatively independent of the 
identified displacement fields. In contrast, the displacement fields pri-
marily govern the much lower residuals in the majority of the other 
pixels; however, since these are combined quadratically with the high-
residual pixels, their influence on the total RMS residual is rather 
limited.

Recall that the rationale behind the Morozov discrepancy princi-
ple [26,27] is to acknowledge that, if the measurements are affected 
by a known error, it is counterproductive to seek a perfect fit between 
experimental and simulated data, as this will almost certainly result 
in overfitting. Instead, the principle suggests increasing the regular-
ization parameter until the RMS residual matches the expected RMS 
measurement error.

In measurements performed with strain rosettes, this approach is 
particularly effective: the random error on each gauge is readily mod-
eled as a distribution of independent and identically distributed random 
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variables whose characteristics can be estimated from the data, as spec-
ified in ASTM E837, or even known a priori for a given measurement 
setup—the random error on a strain gauge measurement is typically 
on the order of 1 με. For 𝛼 = 0, it is possible to obtain a perfect fit 
of the strain measurements with zero residual (at least in the ‘‘square’’ 
implementation of the integral method); 𝛼 can be increased until the 
residual reaches its expected value; in this context, everything functions 
as intended.

By contrast, in DIC measurements, even in the absence of any 
regularization, the RMS residual is already larger than the uncertainty 
on a single pixel due to the camera sensor’s measurement noise. The 
latter can be estimated by repeatedly capturing the same image and 
analyzing the pixel-wise variation; with our setup, we obtained an 
uncertainty of approximately 4 intensity levels, which is significantly 
smaller than the observed residual of 9.

At this point, it is intuitive to consider excluding such outlier pixels 
from the computation of the residuals; however, this would not result 
in a straightforward application of Morozov’s discrepancy principle. In 
fact, the number of degrees of freedom in the problem (i.e., the dimen-
sionality of 𝒔) is orders of magnitude smaller than the total number 
of pixels (on the order of 106 per image). Consequently, even with 
𝛼 = 0, the residual would essentially coincide with the contribution 
from measurement error alone; this does not correspond to a physically 
plausible solution (see Fig.  10).

Given the uncertainties introduced by removing outlier pixels, by es-
timating the random measurement error, and considering how sensitive 
the Morozov discrepancy principle is to the assumed error level [27], 
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Fig. 13. Sequence of deformed images provided as input to the DIC technique, 
with superimposed radial displacement fields 𝑢𝑟 (expressed in pixels) identified 
through the inverse problem, excluding rigid-body motion artifacts. Although 
imperceptible to the naked eye, a progressive relaxation of the material around 
the hole becomes evident as its depth increases.

we do not believe it is possible to obtain robust results with this 
approach. Instead, we recommend the use of alternative heuristics for 
determining 𝛼, such as the proposed L-curve, even just to obtain an 
initial estimate of 𝛼, which can then be manually adjusted according to 
the experience of the residual stress analyst.

4.4. Super-resolution along depth

As anticipated in Section 2.5, we test the possibility of overcoming a 
classical limitation of the hole-drilling method. We repeat the identifi-
cation of the residual stresses on the deep-rolled specimen, maintaining 
13 
Fig. 14. Pixel-wise residuals between the experimental deformed images and 
those reconstructed by applying the identified displacement fields to the 
reference image, expressed as the difference in pixel intensities (0–255). It is 
evident that these differences are concentrated on spatial scales much smaller 
than those over which the displacement fields induced by the introduction of 
the hole vary; in fact, they arise primarily from machining debris and local 
damage to the paint layer.

the same stress resolution in depth (i.e., 0.1 mm) but using only a subset 
of the acquired images, thus simulating a scenario in which fewer 
drilling steps were performed than the desired resolution. We inves-
tigate two super-resolution ratios: 1:2 (one image every 0.2 mm) and 
1:5 (one image every 0.5 mm). The results are presented, respectively, 
in Fig.  15a and Fig.  15b.

It is interesting to note that the 1:2 ratio – which effectively halves 
the test duration – results in a virtually negligible deterioration in the 
quality of the solution, indicating that this level of super-resolution is 
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Fig. 15. Inverse problem solution obtained using the same number of stress points but assuming a smaller number of images than stress values. (a) Solution 
obtained with 5 deformed images, acquired every 0.2 mm. (b) Solution obtained with 2 deformed images, acquired every 0.5 mm. The degradation of the solution 
is indeed very limited in case (a), indicating that a super-resolution factor of 2 with respect to the number of images is technologically feasible. The case (b) 
involving only two images is also of interest for rapid stress evaluations, although the quality of the solution is clearly lower.
technologically achievable with the proposed setup. Equally notewor-
thy is that the more extreme 1:5 ratio, implemented using only three 
images in total (a reference image, one at 0.5 mm depth, and one at 
1 mm), is still able to capture the general trend of the solution, albeit 
with an expected loss of spatial resolution. In particular, it can be 
observed that the method no longer discriminates accurately the precise 
depth at which the stresses decay to zero.

It is also rather remarkable that, even without any intermediate 
images between 0 and 0.5 mm, the method can still recover the typical 
stress profile in the feed direction, showing a slightly lower stress at 
the surface that reaches a sub-surface peak before decaying towards 
zero. Although it is clear that acquiring more images improves the 
solution quality, industrial constraints often require a trade-off between 
accuracy and test duration—just as is already the case in hole-drilling 
evaluations with strain rosettes, where not every user can afford to 
perform measurements with drilling steps as small as 0.01 mm, as would 
prove beneficial to the solution quality [26,27].

In this regard, the capability of full-field methods to extract mean-
ingful results even from sparse data opens particularly promising per-
spectives. Rather than a fixed objective, we propose this as a challenge 
to the residual stress community: to retrieve a residual stress profile 
with significant depth-dependent variation using only two images—one 
reference image and one acquired after the drilling operation.

5. Conclusion

In the present work, we propose a global Eulerian DIC algorithm 
for the identification of residual stresses based on images acquired 
at increasing hole depths, complemented by a criterion for selecting 
the regularization parameter related to Tikhonov regularization. We 
summarize the main findings of this work:

• The current state of technology enables the DIC technique to 
achieve residual stress identifications comparable to those ob-
tained with strain rosettes, thanks in part to the implementation 
of practically proven tools such as Tikhonov regularization.

• In order to ensure accurate repositioning of the milling tool 
and the camera – necessary for capturing a series of images at 
incremental depths – we designed an integrated system within a 
CNC machine that enables the entire test to be carried out with 
automated procedures.

• While the Morozov discrepancy principle is particularly effective 
for strain rosette measurements, its application to DIC data is both 
unclear and challenging. As an alternative, we propose using the 
L-curve tool as a heuristic method for selecting the optimal value 
of the regularization parameter 𝛼.
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• To the authors’ best knowledge, we demonstrate for the first time 
that super-resolution in depth is practically achievable, reaching 
a 1:2 ratio without a noticeable decrease in solution quality, 
thereby benefiting the test duration. Instead, we observe a more 
pronounced error as the super-resolution ratio increases.
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Appendix. Scale-invariance of the identification of the L-curve 
corner

Let (𝑥(𝛼), 𝑦(𝛼)) be a parametric expression of the L-curve, obtained 
as a function of the regularization parameter 𝛼. We deliberately do not 
specify a fixed expression for 𝑥 and 𝑦, to allow for arbitrary scalings.

Define (𝑎0, 𝑏0
)

≜ (𝑥(0), 𝑦(0)) and (𝑎∞, 𝑏∞
)

≜ (𝑥(∞), 𝑦(∞)) as the first 
and last points of the L-curve; in practice, the last point is obtained 
with a high-enough value of 𝛼, such that the residual stress solution is 
essentially linear.

The line going from (𝑎0, 𝑏0
) to (𝑎∞, 𝑏∞

) follows the Cartesian equa-
tion: 
(𝑏∞ − 𝑏0)(𝑥 − 𝑎0) − (𝑎∞ − 𝑎0)(𝑦 − 𝑏0) = 0 (A.1)

The proposed criterion seeks the point of the L-curve that maximizes 
the distance with respect to that line, which can be expressed as: 

𝑑 (𝑥(𝛼), 𝑦(𝛼)) =
|

|

(𝑏∞ − 𝑏0)(𝑥(𝛼) − 𝑎0) − (𝑎∞ − 𝑎0)(𝑦(𝛼) − 𝑏0)|| (A.2)

(𝑏∞ − 𝑏0)2 + (𝑎∞ − 𝑎0)2
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Since (𝑥(𝛼), 𝑦(𝛼)) belongs to the half-plane ‘‘under’’ the line defined by 
Eq. (A.1), we know in advance that (𝑏∞−𝑏0)(𝑥(𝛼)−𝑎0)−(𝑎∞−𝑎0)(𝑦(𝛼)−
𝑏0) > 0, so we can conveniently remove the absolute value in Eq. (A.2), 
obtaining: 

𝑑 (𝑥(𝛼), 𝑦(𝛼)) =
(𝑏∞ − 𝑏0)(𝑥(𝛼) − 𝑎0) − (𝑎∞ − 𝑎0)(𝑦(𝛼) − 𝑏0)

(𝑏∞ − 𝑏0)2 + (𝑎∞ − 𝑎0)2
(A.3)

Since the denominator in Eq. (A.3) does not depend on 𝛼, the maximizer 
of Eq. (A.3) equals that of the numerator: 

argmax
𝛼

𝑑 (𝑥(𝛼), 𝑦(𝛼)) = argmax
𝛼

[

(𝑏∞ − 𝑏0)(𝑥(𝛼) − 𝑎0) − (𝑎∞ − 𝑎0)(𝑦(𝛼) − 𝑏0)
]

(A.4)

which can be easily found among the points that satisfy the first-order 
condition: 
(𝑏∞ − 𝑏0)

𝑑𝑥(𝛼)
𝑑𝛼

− (𝑎∞ − 𝑎0)
𝑑𝑦(𝛼)
𝑑𝛼

= 0 (A.5)

that, in turn, is equivalent to: 
𝑑𝑦(𝛼)
𝑑𝑥(𝛼)

=
𝑏∞ − 𝑏0
𝑎∞ − 𝑎0

(A.6)

Eq. (A.6) has an intuitive geometrical meaning: the stationary points 
of the distance with respect to the line connecting the first and last 
points of the L-curve are those where the local tangent vector has the 
same direction as the line itself. Since the L-curve is inherently built 
as a twice-differentiable parametric function – we interpolate it along 
a finite set of data points – and the distance is bounded, an optimal 
value 𝛼 = 𝛼L always exists. Knowing that the L-curve can be seen as 
a convex function in the 𝑥𝑦 plane [42], the optimal value 𝛼L is also 
unique.

Now, define 𝑥′(𝛼) ≜ 𝜆𝑥𝑥(𝛼) + 𝑐𝑥 and 𝑦′(𝛼) ≜ 𝜆𝑦𝑦(𝛼) + 𝑐𝑦, for real 
positive scaling factors 𝜆𝑥 and 𝜆𝑦, and real shifts 𝑐𝑥 and 𝑐𝑦. Accordingly, 
the first and last points will be (𝑎′0, 𝑏′0

)

=
(

𝜆𝑥𝑎0 + 𝑐𝑥, 𝜆𝑦𝑏0 + 𝑐𝑦
) and 

(

𝑎′∞, 𝑏′∞
)

=
(

𝜆𝑥𝑎∞ + 𝑐𝑥, 𝜆𝑦𝑏∞ + 𝑐𝑦
)

.
Assume that 𝛼 = 𝛼L is an optimal point in the scaled coordinates: 

𝛼L = argmax
𝛼

[

(𝑏′∞ − 𝑏′0)(𝑥
′(𝛼) − 𝑎′0) − (𝑎′∞ − 𝑎′0)(𝑦

′(𝛼) − 𝑏′0)
]

(A.7)

We also have: 
(𝑏′∞ − 𝑏′0)(𝑥

′(𝛼) − 𝑎′0) − (𝑎′∞ − 𝑎′0)(𝑦
′(𝛼) − 𝑏′0) =

= 𝜆𝑥𝜆𝑦(𝑏∞ − 𝑏0)(𝑥(𝛼) − 𝑎0) − 𝜆𝑥𝜆𝑦(𝑎∞ − 𝑎0)(𝑦(𝛼) − 𝑏0)

= 𝜆𝑥𝜆𝑦
[

(𝑏∞ − 𝑏0)(𝑥(𝛼) − 𝑎0) − (𝑎∞ − 𝑎0)(𝑦(𝛼) − 𝑏0)
]

(A.8)

where all shifts 𝑐𝑥 and 𝑐𝑦 get canceled out. Eq. (A.8) shows that, as 
𝛼 varies, the distance to be maximized in one coordinate system is 
simply a multiple of the distance to be maximized in another (scaled) 
coordinate system. Therefore, if 𝛼L maximizes the target distance in 
the transformed coordinates, it also maximizes the target distance in 
the original coordinates, and vice-versa.

Data availability

Data will be made available on request.
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